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ABSTRACT
This thesis uses a theoretical framework derived from activity theory to investigate the
introduction of computer algebra systems (CAS) in first year university mathematics subjects.
Both qualitative and quantitative data relevant to a case study of a group of approximately one
hundred students, and two academics, were collected and analysed using a range of methods.
The major question for this study was: What are the socio-cultural dynamics of learning with a
new tool? More specifically, there are three questions: first, how do students in a particular
context respond to their initial experience with a CAS as part of their first year mathematics
subjects? Second, what relationships exist between aspects of students’ personal histories, their
goals for mathematical learning, and the range of experiences they report concerning using a
CAS for the first time? Third, in a particular case in a particular setting, how do academics see
their role in the introduction of computer algebra systems into mathematics teaching?
The main findings include the identification of the critical nature of purpose, or multiple
motivating ‘objects’ in activity systems. Personal identity as a learner of mathematics is
constructed through choosing to engage at surface or deep levels, alone or with others. Students
with a low level of computing background who had a high level of engagement and sense of
purpose in their mathematical learning reported that they appropriated the new tool for their
own personal use. Students with a high level of computing experience who were unable to form
goals congruent with the learning tasks were less likely to appropriate the tool. In a similar way,
lecturers with different purposes and different epistemological views of mathematics, in
responding to contexts and personal goals, planned different teaching and learning experiences
for their classes.
The significance of this study is that it demonstrates how activity theory can be used
successfully as a framework for an investigation that takes an expansive view of learning as a
socio-cultural activity. Personal socio-cultural histories and motivations and social contexts
influence students and academics as they form and reform their goals for engaging in learning
and teaching activities. The study also highlights the gap between high school experiences of
learning mathematics, dominated by rule following and the replication of pen and paper
algorithms, and the more creative and challenging possibilities for making mathematics opened
up by new technologies such as computer algebra systems.
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PREFACE
How does a thesis begin? It begins with questions, important questions, and is sustained
by a passion for finding answers. But importance is always a value of something to
someone, and questions have a context. In educational settings, the context is often to
do with a time, a place, a social and an institutional setting. So here is the beginning.
In the university mathematics department where I have worked as a lecturer for thirteen
years, the decision was made several years ago to introduce our students to computer
algebra systems. The incorporation of the software Mathematica into most of the
subjects we teach has, like most innovations, had its successful and unsuccessful
features. But it has not revolutionized our teaching and most certainly has not
revolutionized the approaches of any more than a small number of our students to their
learning of mathematics. My questions began with concern about this, as it seemed to
me that an opportunity to change teaching and learning practices for the better had not
been realized.
To begin to investigate questions about learning and teaching, I needed a theoretical
base. This led to more questions and extensive investigation in the educational and
psychological literature. I knew that once the story began to emerge from asking
questions of those directly concerned, the students and the lecturers, and information
was collected and sifted, it was very likely that my framework would need modification.
A perspective based on activity theory has helped me to understand the range of
students’ experiences with a computer algebra system, and to suggest directions for
improvement in how we manage the introduction into our first year subjects of this
remarkable new tool. The key to my understanding has been a shift in my own thinking
away from a cognitive view of mathematics and towards a view of mathematics as a
social practice.
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CHAPTER 1

CHAPTER 1
INTRODUCTION

This chapter serves two purposes: it presents an outline of the reasoning behind my
choice of research paradigm, and then a tour of the rest of the thesis is provided, with
signposts to the main features of each chapter.
Choosing a paradigm
Educational research, like all research, begins with questions. My questions concerned
the teaching and learning at my own workplace, as I wanted my research to be of
benefit to myself and my colleagues and my students. The path to the answers of
research questions is guided by the research paradigm within which the researcher
chooses to work. It is useful at this point to refer to Kuhn’s definitions of paradigm, as
outlined in Carr and Kemmis (1986):
A ‘paradigm’ embodies the particular conceptual framework through which the
community of researchers operates and in terms of which a particular
interpretation of ‘reality’ is generated. It also incorporates models of research,
standards, rules of enquiry and a set of techniques and methods, all of which
ensure that any theoretical knowledge that is produced will be consistent with
the view of reality that the paradigm supports. (p. 72)
Making a choice about a paradigm has been a major issue for me in the writing of this
thesis. What is it about my views of research in mathematics education at tertiary level
that make this so? The key deciders of curriculum and assessment at university level are
mathematicians, and the dominant paradigm of the discipline of mathematics is dualistic
(there is a knowable external world, separate from the mind), and absolutist (science
and mathematics can find the truth about it). Writers such as Kuhn (1970), Latour and
Woolgar (1979), Lakatos (1976), Restivo (1992), Davis and Hersh (1981), have
provided challenges to these views, but they still frame the beliefs about mathematics
and about mathematics education of many mathematicians.
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To choose to investigate university mathematics teaching and learning from an
opposing paradigm needs justification if there is a wish to open a dialogue with
mathematicians concerning the results of the research. Leone Burton (1999) has shown
that many mathematicians hold views that embody a contradiction between a belief in a
unifying Big Picture of mathematics that has an external existence, and a personal way
of knowing that is based on social and cultural practices. “As mathematicians, we want
to believe that it is objective but I guess rationally I think it is socio-cultural and
emotionally I want to believe it is objective.” (A professor of mathematics, quoted in
Burton, 1995, p. 39)
If all mathematicians were driven only by the rational conclusions of the professor
quoted above, it might be less difficult than I imagined to convince colleagues that
research findings from a socio-cultural perspective may be useful to them. However,
Stephen Lerman (1998) makes the point that:
The notion of mathematics as certain, as engaging with the paradigms of the
signifiers ‘truth’ and ‘proof’, supports a privileged position for mathematics and
its academics. … It is clearly not in the interests of mathematicians, or scientists,
to undermine position and status by challenging certainty, proof, or truth in
mathematics. (p. 291)
The extent to which my colleagues are prepared to consider conclusions from an
educational viewpoint that does not confirm the role of mathematics as objective truth,
and regards mathematics education as a social construction rather than a science,
remains to be seen.
What would I require in a research paradigm? There are three aspects that are of major
importance.
(1)

The research paradigm chosen must reflect my own values. Education is about
people, and people are not test tubes to be measured and tested. The paradigm
must allow the voices of both the students and the lecturers to be heard. It must
involve methods that are grounded in the authentic experiences of the
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participants. It must allow the thesis to be written in plain English and in the first
person.
(2)

The research paradigm chosen must reflect the development of my own personal
epistemology, which has evolved into a set of opinions and beliefs that are
aligned with those of social constructionists. Here, “epistemology” is understood
in both the psychological and the philosophical sense as described by
Ernest (1995):
In psychology, epistemology concerns theories of knowledge growth and
development, the structures of knowledge constructed by individuals,
and theories and the general conditions of learning. Less common, but
equally important, is a concern with the nature, structure, and
development of knowledge in the large (which I shall call conventional
knowledge), and its relationship with the individual knower and that
knower’s learning…
In philosophy, epistemology is a synonym for the theory of knowledge,
which is understood to concern the logical categories of knowledge and
its justificational basis. There is concern for both the warranting of the
subjective knowledge of a single knower and that of conventional
knowledge. (p. 460)
One of the main features of a social constructionist viewpoint is that there is no
“meta-language” in which we can describe a reality that is anything other than
our own constructions. Knowledge is taken to be the result of negotiations of
shared meanings. Common elements of experiences come to be reified and
talked about as concepts. We work on creating and expanding those concepts
with the linguistic skills of simile and metaphor (Lakoff & Johnson, 1980).
Ernest (1992, 1994, 1998) develops a theory of the social construction of
mathematics, including an accounting of the way personal and public
mathematical knowledge is built up through social interactions and
conversations. All of this is in contrast to the view that there is a “knowable
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reality” external to us that humans have gradually uncovered through the pursuit
of science. This is not to say that psychological theory that was built through
empirical studies within cognitive science will be ignored in my choice of
research paradigm: however the claims of these studies will be evaluated as
social constructions within the cultural contexts and goals of the research. For
example, the work of John Biggs (1987, 1991, 1993, 1999) provides a very
useful starting point for some of the data collected in this investigation. This is
further explained in Chapter 2.
The third requirement for my choice of research paradigm follows from the
second. If knowledge claims are socially constructed rather than representing
discoveries of never changing facts, then new concerns replace issues of
objectivity, validity and reliability. One way to address these concerns is through
reflexivity.
(3)

The research paradigm chosen must allow the research to be reflexive.
Taken literally, reflexive research would entail a turning back on itself, and the
way that I mean to use it is that any knowledge claims must themselves be
examined for bias. As an alternative to both objectivist and subjectivist myths
about impartiality and the possibility of being fair and objective, Lakoff and
Johnson (1980) offer an experientialist approach:
We have seen that truth is relative to understanding, which means that
there is no absolute standpoint from which to obtain absolute objective
truths about the world. This does not mean that there are not truths; it
means only that truth is relative to our conceptual system, which is
grounded in, and constantly tested by, our experiences and those of other
members of our culture in our daily interactions with other people and
with our physical and cultural environments…Though there is no
absolute objectivity, there can be a kind of objectivity relative to the
conceptual system of a culture. The point of impartiality and fairness in
social matters is to rise above relevant individual biases. The point of
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objectivity in scientific experimentation is to factor out the effects of
individual illusion and error. (p. 193-4)
Steier (1995) writes about reflexivity as the need to
accept responsibility for our observations, descriptions, and explanations,
and to contextually recognize the various mutually defining relationships
in which our knowing activities are embedded. In short, we must concern
ourselves with how we build up our systems of knowing and acting.
(p. 70) [original emphasis]
In my research I am choosing to begin with students’ own observations about
their experiences, however the students all knew me as a lecturer on the staff of
the mathematics department and anything they contributed in surveys or
interviews must be read with that relationship in mind. This does not mean that
the data are “contaminated” or in any way “less” objective than they might be,
only that that relationship needs to be kept in mind when interpreting the data.
As Steier (1995) puts it, “No matter how hard we might try, we are never
neutral in relationships. Understanding who we are in our research relationships
allows for a radical recontextualization of any claims we might want to offer”
(p. 81).
This is particularly important in my interviews with lecturers, who are all coworkers. They already have a picture of me and of my educational beliefs. I
will need to be sensitive to their roles as teachers and researchers and
colleagues.
A further issue of reflexivity concerns the ontology of knowledge claims. Steier
(1995) comments about research that he calls “naively constructivist”: “Here
we find those who take, as an object of study, other persons’ constructions of
reality as something to be understood in an objective manner, somehow apart
from the researchers’ own tools and methods” (p. 70). Duit (1995) makes a
similar criticism that is directed at phenomenography, and these criticisms are
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dealt with in Chapter 4. They are relevant to my choice of research
methodologies as I intend to construct, with others, categories for students’
responses to open ended questions about their approaches to studying
mathematics. The point of working with others on this task is to raise and bring
to light my individual biases, as pointed out by Lakoff and Johnson (1980)
above. To paraphrase Steier (1991, p. 7), by recognising how a researcher’s
values are imposed on their data, they become less so.
Overview of the contents of the following chapters
Chapter 2 contains a review of the literature related to this thesis. Activity theory is
proposed as an alternative to the division of research perspectives in mathematics
education into cognitively based, individual constructivism on the one hand, and sociocultural approaches on the other. Main features of activity theory and activity systems
are described and used as a backdrop to examine research reports about the introduction
of computer algebra systems into the teaching and learning of mathematics at senior
high school and first year university mathematics. There is a gap in the literature
regarding listening to students talking about their motivation to engage in meaning
making with the CAS as a tool. Without that motivation, students work for marks and
adopt procedures that are strategic for their success, just as they would in an
environment that privileged pen and paper skills. Activity theory, with its focus on
personal motivating ‘objects’, reveals that gap. Chapter 3 continues this analysis and a
model for an activity system to describe the teaching and learning of mathematics in
first year university is developed.
The design of a case study to collect and analyse data in a local context is described in
Chapter 4. The students were enrolled in four different, but similar mathematics subjects
that had different, but similar experiences with the CAS Mathematica in their first
semester at university. Student voices and opinions are heard through responses to
open-ended questions and interviews. A survey consisting of three questionnaires is
described – two to make links with previous research about student learning in first year
mathematics and a new questionnaire based on earlier data gathering about students’
experiences with the CAS Mathematica. To round out the picture of the activity system
two lecturers with contrasting views about teaching are interviewed.
6
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With the focus on students’ motivation and purpose, I needed to find out how the
students in my study habitually approached their learning of mathematics, and why they
used those methods. To do this, a process inspired by phenomenography was used to
construct categories of engagement in mathematical learning from the student responses
to three open-ended questions in the survey. Four categories emerged. Chapter 5
describes this process and the hierarchical structure of these categories. They are related
to the concepts of surface and deep approaches to learning, but the new idea they offer
is a place for considering interaction with other people as part of the preferred learning
approaches of some students. A small minority of the students in this survey gave
responses that were judged to be in the category most concerned with making personal
meaning and aiming for a deep understanding of the mathematics being studied. These
students talked about understanding the theory, deriving results for themselves, and
looking for links with other concepts and contexts.
In Chapter 6 the data from the survey about students’ experiences with CAS are
analysed. A principal component analysis of twenty-nine items yielded four
interpretable components. These reflect four dimensions of the experience these
students had in their first semester of mathematical studies at university: whether they
appropriated the tool for their own use, whether they found the experience worthwhile,
whether they found the software easy to use, and how they enjoyed working with others
or not.
Consistent with my model of the activity system for learning mathematics, both
personal socio-cultural history and subjective motivating ‘object’ are important for
understanding the levels of engagement in an activity – in this case the activity of
learning mathematics. I used indicators of computing background and the categories of
engagement in mathematical learning, identified from the data and from the theory as
important features of the situation, to locate subgroups of students with contrasting
scores on the four dimensions of CAS experience. The comments these students made
in response to the open-ended questions asking them to describe their overall
experiences with the CAS were then read. In nearly all cases, the comments and the
location of the subgroup of students were consistent with aspects of activity theory.
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Two further checks on my observations from this combination of qualitative and
quantitative data were completed. First, a similar analysis was completed with a
combination of scores on the Surface Approach and Deep Approach subscales of the
Approaches to Study Questionnaire replacing the categories of engagement in
mathematical learning. Second, student interviews were searched for confirming and
challenging statements. The observations provide a map of the main features of the
experience for these different subgroups of students and highlight important features of
the model.
Because the response rate from students in the four subjects was uneven, a separate case
study of the subject with the highest return rate was completed and is reported in
Chapter 7. Here the students all completed the same assessment tasks, allowing the
formal assessment results to be added to the picture.
My observations are listed at the end of the respective chapters. A common theme is
that in response to various needs within a social context, students have multiple,
subjective ‘objects’ that require students to choose where to place their time and efforts
as they form goals for actions. Lecturers are placed in similar positions in their work
environment. Again, competing ‘objects’ and personal socio-cultural histories indicated
by opinions about what mathematics is, are parts of the personal and institutional
environment within which lecturers make their decisions when planning teaching and
learning experiences for their students. Indications of these decisions and some of their
consequences for staff and students are described in Chapter 8.
Chapter 9 opens with a reflexive section in which I outline features of the research
design that I would improve in a similar investigation in the future, having learnt from
the experience of this one. The chapter also contains a discussion of the important
results of this study. Finally I outline directions for future research, and implications for
future teaching practice.
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CHAPTER 2
REVIEW OF LITERATURE

Introduction
This literature review will survey relevant research in the fields of interest, critically
“mapping out the territory”, pointing to gaps, and raising questions. Following the
strong contention of Chapter 1 that teaching and learning, as social practices, need to be
considered in context, a background review of theories of learning (which are
themselves social constructions) will provide a context for considering the published
research on teaching and learning with new technologies, in particular with computer
algebra systems. By the end of the chapter, my initial research questions have emerged
and a theoretical basis for addressing those questions has been introduced. This
theoretical basis will be refined in the following chapters.
Overview of the chapter
I will begin by contrasting individual constructivism based on cognitive science to
models that incorporate social context, by using Anna Sfard’s distinction between
“acquisitive” and “participatory” metaphors (Sfard, 1996). I propose that activity theory
offers a way out from this dichotomy and a brief history of the development of activity
theory and activity systems theory will be given (Engeström, 1987, 1998a, 1999a,
1999b; Leont’ev, 1979; Vygotsky, 1978, 1979a, 1979b, 1986). The main elements of
these theories are: socio-cultural history, motivating object, the hierarchical structure of
activity, the mediating role of tools, individual and systems development, and
contradictions. I will also raise the essential contradictions of the activity of schoolgoing, and will develop these as part of my theoretical framework later in Chapter 3.
In the remainder of the chapter, a review of selected research reports concerning
technology in mathematics education is organised in the following way:
•

The issue of slow adoption

•

Brief history of relevant computer algebra systems (CAS)
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•

Overviews of technology in mathematics education by Kaput, and by
Perkins and Unger
More recent research:
(1) Innovations
(2) Experimental studies
(3) Theory building about learning, largely within acquisitive
models
(4) Theory building about learning, within participatory models

The final section reviews relevant studies into teaching and learning mathematics at
university level, introducing the 3P (Presage, Process, Product) model of Biggs as an
example of the incorporation of context into information processing models. The related
concepts of deep and surface approaches to learning, popular in current research into
teaching and learning at university level, are also introduced.
To conclude the chapter, issues concerning the role of computer algebra systems as
tools in mathematics and mathematics learning are raised, and four broad issues for
research are outlined. In the following chapter, these are refined into the research
questions for this thesis.
A shift or a continuing divide? The nature of theories of learning employed within
mathematics education at the secondary level and above
Within mathematics education the prevailing (but increasingly challenged) view of
learning is constructivism, described by John Biggs (1991) as the recognition “that
learners are self-regulatory, that they actively seek meaning and construct knowledge in
ways that are personally meaningful to them, and that they deploy learning processes so
that they grow in competence in particular content topics, and in particular learning
contexts” (p. 4). Models of the knowledge structures that learners build include concept
and schema theory (Davis, 1984; Evans, 1991; Skemp, 1986), with skills being regarded
as kinds of schemas that encode “knowing how” or procedural knowledge. (Bell,
Costello, & Küchemann, 1983; Hiebert & Lefevre, 1986;). The view of learning in
constructivism, adapted from cognitive science, is of an individual acting like an
information-processing machine and acquiring concepts and skills, albeit with direction
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provided by the mechanism of metacognition. Kilpatrick (1986), describes
metacognition as “knowledge about how one thinks, knowledge of how one is thinking
at the moment (monitoring), and control over one’s thinking” (p. 13). Schoenfeld (1987)
expands this definition of metacognition for the purposes of mathematics education to
include the beliefs and intuitions about mathematics that a person brings to their study,
and how those beliefs shape the way that mathematical work is undertaken (p. 190).
Models of metacognitive control (Zimmerman & Schunk, 1989) include various
theories of self-regulated learning that attempt to explain student motivation as well as
learning. (Examples include Bandura’s social cognitive theory [Schunk, 1989] and a
phenomenological view [McComb, 1989] ). In most of these perspectives, the emphasis
is on the individual learner and on the individual control that the learner can exercise
over their actions: deciding whether to engage with a task and how much persistent
effort will be devoted to it. The social context of the learner, and issues around who
chooses the tasks and why they are chosen are largely unquestioned. There is also the
assumption that learning is accessible to the research methods of the “hard sciences”,
which bring with them the positivist view that it is possible to describe events and
systems unambiguously through the correct choice of variables and appropriate data
collection and analysis. Constructivism has its critics, and among them, Stephen
Lerman (1994) points out that radical constructivism, with its insistence on the
cognizing individual as the central element, cannot account for the communications
between people that are necessary to assess the viability of one’s personal constructions
of meaning. Furthermore:
Texts play a role that cannot be interpreted within the theory. Regulation
through power relations manifested in discourses, appropriation of cultural
experience, and the notion of cognition situated in practices rather than
abstracted by the cognising subject from experience all appear to be irrelevant to
the individual’s construction of knowledge, which comes about by reflective
abstraction on common mental operations. (Lerman, 1994, p. 47)
Keeves and Stacey (1999) note that in recent years there has been “an emerging
awareness that mathematics education is influenced by the social and cultural context in
which it takes place and that the social and cultural characteristics of teachers and
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students affect outcomes” (p. 209). Allied with this is the challenge to positivism from
the alternative paradigms offered by the interpretive view and by critical theory (Kanes
& Atweh, 1993), so that views of mathematics education are changing along with views
of how research in the field should be conducted.
One way of making sense of these conflicting views is to set them in opposition, and
seek a position outside of both camps from which to make comparisons. Anna Sfard
(1996) did this very convincingly in her comparison of "acquisitive" versus
"participatory" models of learning. The “acquisitive” models include those based on
information processing, which treat knowledge as an entity that can be acquired through
learning, with the learner passing through stages of development as concepts and skills,
assumed to be transferable across contexts, are acquired. “Participatory” models regard
knowledge as a social construct, with the context being of paramount importance:
Thinking is intricately interwoven with the context of the problem to be solved.
The context includes the problem’s physical and conceptual structure as well as
the purpose of the activity and the social milieu in which it is embedded. (Rogoff,
1984, p. 2)
Sfard (1996) was able to achieve the comparison of "acquisitive" versus "participatory"
by utilising a tool of cognitive linguistics (Lakoff, 1996; Lakoff & Johnson, 1980),
which involved identifying the metaphors used in public and professional discourses,
and the way they are combined to give a conceptual system. By an analysis of the
keywords and phrases that appeared in professional journals she identified and
contrasted the metaphors of learning as acquisition, involving terms such as concept,
notion, fact, accumulation, grasp… with the metaphor of learning as participation,
which uses words like reflective discourse, collective reflection, legitimate peripheral
participation…. The latter position, with its avoidance of the objectification of items of
knowledge and its questioning of the separation of subject and object is an example of
the influence of post-modernist perspectives (Lechte, 1994).
In such a climate, the researcher interested in the learning of mathematics might choose
to locate their work in one or other of these metaphorical world views, or to seek a
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position that attempts to bridge the two. This is what Sfard (1996) advocates: “It is my
deep belief that [the] most powerful theories are those that stand on more than one
metaphorical leg” (p. 408). Stephen Billett (1996) provides such a bridge in the way he
reconciles these approaches through an analysis of ways in which they are
complementary, supported by a mapping of selected items from the literature of each
approach. His conclusion points to the importance of regarding an individual’s
participation in purposeful activities as “integral to a mutually transforming process of
learning” (Billett, 1996, p. 263).
Alternatively, one could look for a third approach that provides another viewpoint
altogether, one that incorporates individual activity and cognition within a social,
cultural, and historical framework and thus avoids the dichotomy of learning as
acquisition vs. learning as participation. Such a view is provided by Activity Theory1,
which is one of the tools I will draw upon to establish my theoretical framework for this
research.
Activity theory – a brief history
Many others have reviewed in considerable depth the development of activity theory
(e.g., Gordon 1998; Verenikina & Gould, 1998), so only an overview will be provided
here, drawing on those features that are most relevant to my theoretical framework.
Historically the story of activity theory can be said to begin with the Russian
psychologist Lev Vygotsky, working in the 1920s and early 30s. James Wertsch (1979)
interprets for western audiences the context for Russian psychologists of this era:
Based on Marx and Engels’ approach to the relationship between humans and
reality, Soviet psychology stresses the importance of active subjects whose
knowledge of pre-existing material reality is founded on their interactions with
it. Soviet authors constantly stress that no progress can be expected from a
psychology based on a framework in which the human being is viewed as
passively receiving input from the physical and social environment. They
1

The capital A in Activity Theory is sometimes used to emphasise the difference between Activity within
this model and the everyday western use of the word. Following more recent usage, the lower case will be
used from this point onwards in this report, unless it is necessary to emphasise that distinction.
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emphasize that only by interacting with the material world and with other
humans can we develop a knowledge of reality. (p. 10)
The importance of social interactions in the development of children is a major aspect of
Vygotsky’s theory: he found ways to demonstrate that the higher mental (internal)
functions such as voluntary attention, logical memory, the formation of concepts, and
the development of volition are all developed in an external way in social interactions
before becoming internal (Vygotsky, 1979a, 1979 b). Vygotsky also described the
mediating role of tools in human activity, building on the way that Marx and Engels
used the making and using of tools to distinguish between animals and humans. For
Vygotsky, tools are not just physical constructions. Psychological constructs such as
language and sign systems, as well as gestures, are also tools. The importance of
language in the formation of concepts is vital: “The central moment in concept
formation, and its generative cause, is a specific use of words as functional tools”
(Vygotsky, 1986, p. 107).
Vygotsky drew together a research group that included A.R. Luria, P. I. Zinchenko,
Leont’ev, Bozhovich, Gal’perin, Zaporozhets, and El’konin. (Davydov & Zinchenko,
1989). A.R. Luria later made major contributions to neuropsychology, and incorporated
Vygotsky’s theories of the development of the higher forms of mental processes into his
model of brain functioning (Luria, 1973). V.P. Zinchenko (the son of P. I. Zinchenko),
found Vygotsky’s proposal to use word meaning as the basic unit of analysis of the
mind to be problematic, and proposed instead the concept of a mediated purposeful act
as the basic unit (Tul’viste, 1989, p. 45.)
A. N. Leont’ev, a student of Vygotsky’s who later became a colleague, advanced
activity theory in important ways. These are usually summarised as firstly the emphasis
on the purposeful nature of all activity, and secondly the description of three levels used
to analyse human activity – activity, actions, operations. Wertsch (1979) indicates that
the source of these ideas in Vygotsky’s is writings due to influences from Marx
(pp. 22-23). Wertsch describes the second advance, the description of the three levels
(activity, actions, and operations), as one of Leont’ev’s “most important original
contributions to the theory of activity” (p. 21). Human activity is always directed
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towards an object or motive: as A. N. Leont’ev (1979) explains, “There can be no
activity without a motive. ‘Unmotivated’ activity is not activity devoid of a motive: it is
activity with a motive that is subjectively and objectively concealed” (p. 59). The
motive energises the activity, and arises out of a need experienced by an individual or a
group of people, even a whole society. Because of the nature of shared work,
individuals who are participating in the same activity may be performing actions that
are not directly aimed at achieving the object that motivated the activity. A well-known
example is the role of beaters in a hunt; the activity is directed towards getting food, but
the beaters have as the goal of their actions the driving of animals towards the hunters.
Actions are directed towards goals. At the same time, an activity is not simply the
additive sum of actions: a series of events may be described as an activity from the
point of view of its motive, or as a chain of actions from the point of view of its
subordination to a goal or goals.
The means by which actions are carried out are called operations, and operations are
defined and determined by the conditions under which they are carried out. For
example, Engeström (1998b, p. 88) describes the difficulties of a group of teachers
trying to carry out a mathematical operation that should not have been difficult, –
working out how to divide 150 students into five groups – but which became a problem
for the teachers because of the conditions, namely that cross-age groups were required.
Operations, rather than activities or actions, become crystallized into the functions of
tools, and “it is generally the fate of operations that, sooner or later, they become the
function of a machine” (Leont’ev, 1979, p. 64).
Engeström and Miettinen (1999) summarise as follows: “This distinction between
activity and action became the basis of Leont’ev’s three level model of activity. The
uppermost level of collective activity is driven by an object-related motive; the middle
level of individual (or group) action is driven by a goal; and the bottom level of
automatic operations is driven by the conditions and tools of action at hand” (p. 4). This
schema is often illustrated by a table such as Table 2.1 below:
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Table 2.1
Schema showing the hierarchical structure of activity.
Activity

Motivated by an ‘object’, and guided by the subjective image of that
‘object’

Actions

Directed towards consciously formed goals

Operations Driven by the conditions and tools available, and performed below
the level of consciousness

Activity, motivated by a goal, is mediated by tools. Tools, both physical and
psychological, including language, are essential components of activity theory. It is not
that activities could be carried on without them or that they make actions easier, but that
they “allow and even lead to the creation of types of activities that would not otherwise
exist” (Wertsch, 1979, p. 26). Engeström (1999a) explains the role of mediation by tools
and signs as “not merely a psychological idea. It is an idea that breaks down the
Cartesian walls that isolate the individual mind from the culture and the society” (p. 29).
The socio-cultural history of a society is encoded in the tools that have been developed
to help meet specific needs. Mathematics itself is such a tool, as are the individual
algorithms invented for specific purposes. Individuals bring with them to a group
activity their own personal socio-cultural histories including histories of tool-use.
Activity theory places importance on developmental or genetic explanation. Wertsch
(1979) traces this aspect of Soviet psychology back through the historical materialism
of Marx and Engels, then forwards, through Vygotsky’s argument that “the most
important way of explaining (as opposed to simply describing) human mental processes
is to examine their origins and development” (p. 27). Ontogenesis (the course of
development of the individual), and phylogenesis (origin and evolution of a race or
species), along with microgenesis (how a psychological process develops in an
individual over a relatively short period, for example in training) are all the substance of
investigation in activity theory. Engeström and Miettinen (1999) contrast activity theory
with the community of practice approach of Jean Lave and Etienne Wenger (Lave &
Wenger, 1991; Wenger, 1998), by noting the lack of instability and inner contradictions
in the notions of communities of practice and legitimate peripheral participation, and
thus a lack of accounting for the chief motivations for change and development over
16
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time. An implication for my research is that the introduction of a CAS into teaching
may be considered as a disturbance to the stability of teaching and learning routines,
and thus a challenge to academics to change and to develop their practices.
As far as accounting for individual student development, here is how Bonni Nardi in a
video conference compared cognitive science and activity theory:
Now, one way I compare and contrast cognitive science and activity theory is, in
cognitive science if you want to create a great human being, you open up the
person’s head and you pour in really, really good representations. You give the
person rich, complex representations and then they are a developed person. For
activity theory, if you want a great person, you put that person in an
environment, in a situation, that is rich with other engaged people as well as
useful and appropriate tools, as well as a meaningful object or motive in the
activity-theory sense. And then you get a very developed person and if any of
these key ingredients are missing, then you don’t get the developed person and
that seems to me to be a much richer depiction of what human life is really all
about than just the narrow focus on the representations. (Nardi, 1998, p. 130)
According to activity theory, individual development advances through the process of
internalisation. Verenikina and Gould (1998) define internalisation as “the transition in
which external processes with external, material objects are transformed into processes
that take place at the mental level, the level of consciousness. During this transition,
these processes undergo special changes – they become generalised, verbalised,
abbreviated; and most importantly, they become the means for further development that
transcends what is possible with external activity” (p. 12). The use of the term
“internalisation” can be misleading. Some read it as implying a transmission of
knowledge from “outside” (the external social plane) to “inside” (the internal
psychological plane). What is intended is not that internalisation describes any kind of
transmission, but instead it is the very process by which the internal plane is constructed
(Davydov, Zinchenko, & Talyzina, 1983, p. 34). As described above, the Vygotskian
view is that all higher mental functions are internalised social relationships.
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All these features of activity theory outline a view of consciousness that is quite
different from the view of traditional western psychology based on a model of the mind
as an information processor, even allowing for constructivist approaches to learning. As
Nardi (1996) puts it, in activity theory “changes in consciousness are directly related to
the material and social conditions current in a person’s situation… This extends the
concept of consciousness past an idealistic, mentalistic construct in which only
cognitive resources and attention ‘inside the head’ are at issue, to a situated
phenomenon in which one’s material and social context are crucial” (p. 13).
Implications for research in general include a reconsideration of the role of experiments
in psychology. As Wertsch (1979) puts it, a major difference between Soviet
psychology in activity theory and western psychology is that in the latter, experimental
conditions “create a situation in which the goals involved are so artificial that the data
about the subjects’ performances can tell us nothing about psychological processes
carried out under natural conditions” (p. 22). The implications for my research include
the importance of considering mathematical learning from a perspective that is broad
enough to include the social setting and interactions of all the people involved in the
classrooms, and the institution itself.
Engeström (1998a) describes three “theoretical generations” of activity theory, locating
the work of Vygotsky and his contemporaries in the first generation. The second
generation of theory described by Engeström incorporates the three level model of
activity proposed by Leont’ev (1979), and Engeström’s graphical illustration based on
triangles that show the way that individual activity is always embedded in a sociocultural framework. This is outlined in the next section. The third (current) generation
of activity theory has as its project to “develop conceptual tools to understand dialogue,
multiple perspectives and voices, and networks of interacting activity systems”
(Engeström 1998a, p. 3).
Engeström’s activity systems
In Learning by Expanding (1987), Yrjö Engeström extends the notions of activity
theory by making explicit the relationships between individual people, their
communities, and instruments (tools). The Vygotskian notion of mediation (individual
actions mediated by physical and psychological tools) is extended to consider the way
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that formal and informal rules and rituals, norms and conventions mediate an
individual’s relationships with a community. The community has a relationship to the
object of the activity and this is mediated by division of labour in the sense of the power
relationships of the community and the allocation of responsibility for various aspects
of the activity. Engeström introduces the following diagram for a model of activity
systems and labels it “The structure of human activity” (See Figure 2.1)

INSTRUMENT

SUBJECT

PRODUCTION

OBJECT

OUTCOME

CONSUMPTION

EXCHANGE

RULES

DISTRIBUTION

COMMUNITY

DIVISION OF LABOUR

Figure 2.1
The structure of human activity (Engeström, 1987, p. 78).
It could be asked where in this scheme is the place for the three levels of activity
described by Leont’ev (1979): activity motivated by the object, actions motivated by
goals, and operations constrained by the conditions and context. Some writers assign to
the “object” node a physical entity, which is then transformed into an outcome. In this
case the action seems to be occurring “outside” the triangle. For example, Issroff and
Scanlon (2002, p. 77) refer to the object as “the task or activity” and state that an
activity is motivated by the need to transform the object into an outcome, which they
regard as a material thing or an idea. This seems to be following only one line of the
table presented by Engeström (1987, p. 154), in which each of the “nodes” (Subject,
Object, Instruments, Community, Rules, Division of Labour) is represented and
assigned a characterization at each of the three levels. The danger of regarding the
object node as a tangible thing is that the dialectic nature of the subject-object
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relationship can be lost, as can the inner tension of this relationship. The way that each
person forms (and re-forms) his or her perspective of the object provides the energising
effect for the activity. Davydov, Zinchenko and Talyzina (1983) describe Leont’ev’s
formulation of this aspect of activity theory as follows:
Need ‘impels’ the subject to undertake search acts that initially are not directed
towards a specific object. At this point the plasticity of activity becomes
manifest: the way it assimilates the properties of objects that are independent of
it. In the process of this assimilation, need gropingly ‘discovers’ its object,
becomes objectified. Then the activity of the subject is no longer guided by the
object itself, but by its image. The generation of an image is seen not as a
unilateral process of the object’s acting upon the subject, but as a bilateral
process. (p. 32, original emphasis.)
In post-modernist language, as people position and re-position themselves with regard
to the motivating ‘object’2, their goals and hence their actions will change. Personal
histories of engagement with similar objects and in similar contexts will pre-dispose
people to adopt certain positionings, but not fully determine which positions are taken
up.
When the ‘object’ (or more correctly the individual’s image of the ‘object’) is regarded
as the motivating force for the activity, the activity/ actions/ operations can be regarded
as all occurring “inside” the triangle (Verenikina, 2002). The subject chooses or
constructs a suitable goal for their action and carries out the action by performing
operations. The activity, the actions, and the operations are all mediated by tools or
artefacts. The role of mediating artefacts is more than a one-way effect on the action –
there is a “reverse action” on the subject, which “transfers the psychological operation
to higher and qualitatively new forms” (Vygotsky, 1978, p. 40). Here Vygotsky was
writing of the development of thought and memory in children, however Engeström
extends this notion to suggest that any serious study of human development needs to
include the study of artefacts and their role in cultural evolution (Engeström, 1999a).
The implication for my research into the introduction of computer algebra systems
2

From here on, I will use ‘object’ to distinguish the personal, motivating ‘object’ from more conventional
uses of the word.
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(CAS) is that they are one of many mathematical artefacts that change the nature of
mathematics and mathematics education, not just because they allow mathematics to be
done in new ways, but because they change the nature of mathematical practice – what
mathematicians do. This thesis develops an argument that an appropriate way to
introduce CAS into teaching would be best achieved by regarding mathematics as a
social practice rather than as a collection of knowledge and disembodied skills.
The versatility of Engeström’s model is shown by the number of different discipline
areas in which reports have included some kind of variation of the triangle and the
activity system model. Engeström gives applications to education, modern work in
general, and science in his initial book (Engeström, 1987). More recent applications
include human-computer interaction in general (Kuutti, 1996), and in particular,
executive information systems (Hasan, 1998); health organizations (Engeström, 1996),
and hospitals (Engeström, 1999b). Berglund (2001) investigates learning in a computer
science course from an activity theory perspective. Other authors, and indeed
Engeström himself, adapt this triangle and choose different parts of it as required to fit
the particular circumstances they are investigating. Sometimes this means that the
model is used as a framework for describing an existing system without attempting to
capture the tensions and contradictions within the system that have the potential to lead
to development. It is the more dynamic idea, including tensions and contradictions, that
will be useful in my research.
In his original work, Engeström (1987) discusses the inherent contradictions of
traditional school-going as illustrated in Figure 2.2.
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INSTRUMENTS OF RECORDING, RECALL
AND ALGORITHMIC PROBLEM-SOLVING VS.
INSTRUMENTS OF INVESTIGATING
GRADEMAKER VS
SENSEMAKER

COMPETITIVE
ADAPTATION VS
RISKY REBELLION

INSTRUMENT OF SUCCESS
VS INSTRUMENT OF
CONTENT MASTERY

TEXT AS DEAD
VS TEXT IN
CONTEXT

CLASS OF
SEPARATE
INDIVIDUALS VS
TEAM OF INQUIRY

CENTRAL ACTIVITY:
SCHOOL-GOING

ISOLATION VS
COOPERATION

OBJECT - ACTIVITY: PUPIL’S
OWN INTEGRATION INTO
SOCIETY

Figure 2.2
The primary contradiction of the activity of school-going (Engeström, 1987,
p103).
In his discussion, Engeström (1987) analyses the historical emergence of activity
systems in his references to the cultural evolution of human learning. The main points
are summarised below:
•

Schools arose at the same time as the invention of written language: prior to this,
young people learnt necessary life skills in a form of apprenticeship, learning on
the job. Because reading and writing are general, abstract instruments they are
not suited to learning while participating in daily work activities.

•

The nature of writing ensured that knowledge became encoded and learning
became synonymous with the memorisation and replication of text.

•

With the rise of modern science, printing, and capitalism, a general change saw
knowledge as something to be developed. Individuals were now expected to
participate in learning actions by attending schools.
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•

Schools became stuck in how to deal with text. For the students, objects and
instruments reverse! Problem solving “for its own sake” independent of solving
real problems from the real world became the norm.

This last point is well illustrated by this quote from p. 101:
The essential peculiarity of school-going as the activity of pupils is the strange
‘reversal’ of object and instrument. In societal practice text (including the text of
arithmetic algorithms) appears as a general secondary instrument. In schoolgoing, text takes the role of the object. This object is molded by pupils in a
curious manner: the outcome of their activity is above all the same text
reproduced and modified orally or in written form (summarised, classified,
organised, recombined, and applied in a strictly predetermined manner to solve
well-structured ‘closed’ problems.)
•

The result is that “text becomes a closed world, a dead object cut off from its
living context” (p. 101).

•

Learning the dead text does, however, get rewarded in the getting of marks and
other indications of success.

Parallels between this analysis and the situation for mathematics learning at upper level
high school and at university level are drawn in Chapter 3 of this thesis. My preliminary
model, in activity system format, for the learning of mathematics with computer algebra
systems is then developed.
The first part of this chapter was concerned with the theoretical basis I have chosen for
my research, a theoretical basis derived mainly from activity theory. There is a large
body of published material concerning the introduction of technology, including CAS,
into mathematics teaching and learning at high school level and a smaller amount of
research concerning university level. I will now review selected reports chosen for their
relevance to my research.
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Technology in mathematics learning: Raising the issue of slow adoption
Given the pace of developments in technology it might seem inevitable that anything
written about computers in mathematics education will be dated as soon as it appears in
print. Indeed this might be the case if we were looking at the amazing things that
mathematicians do with computers, however curricular and pedagogic changes occur at
a much slower pace. It is certainly not the case as yet that all secondary and tertiary
mathematics students enjoy the opportunities for invention and discovery that are
possible with current computer applications. In a report of the Strasbourg symposium
sponsored by the International Commission on Mathematical Instruction in 1985, nearly
twenty years ago, the authors (Churchhouse, Cornu, Howson, Kahane, vanLint,
Pluvinage, Ralston & Yamaguti, 1986, p. 22) made the point that mathematical
exploration and discovery can be assisted by computer technology in a variety of ways:
•

through visualisation of a great variety of two and three dimensional objects
via computer graphics, students may explore questions and discover results by
themselves

•

through computer graphical presentations of interesting geometries like
"flatland" and turtle geometry

•

via exploratory data analysis

•

by graphical and numerical explorations of how to approximate complicated
functions by simple ones

•

by applying the first step of the inductive paradigm - compute, conjecture,
prove - in many, many different situations

•

by using symbolic mathematical systems to discover mathematical formulas
such as the binomial theorem

•

by designing and executing different algorithms for the same or related tasks.

These authors were writing about Mathematical exploration and discovery, not
conventional mathematics classrooms, of course. It may be that some exploration and
discovery takes place in secondary classrooms and even in university tutorials, but the
main teaching event for mathematics at university level remains the lecture: one voice
transmitting content and opinions to many.
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What are the reasons for the slow adoption of the pedagogical changes needed to
introduce discovery learning to mathematics classes in upper secondary and early
tertiary years? Kaput (1992, p. 517) gives an overview of seven reasons for the delay,
including problems of providing physical resources to schools and the lack of adequate
teacher training. Writing in the Australian context, Kissane (1994) suggests that:
Although the potential of computers for mathematics education is enormous, real
change has been hampered by the financial constraints of schools, the bulky
nature of computer hardware and, until recently perhaps, the limited educational
punch of much of the available software. (p. 3)
Whilst Kissane was writing about schools, financial constraints also limit the access to
computer laboratories that universities are able to provide for their students. On the
other hand, there is an increasing acceptance by university administrators of the need for
universities to offer flexible delivery of courses, largely via the internet, to students in
their own homes or workplaces. If resources continue to be allocated to this, and if
equity issues are successfully addressed, then on-campus access to laboratories may
cease to be so important. Personal ownership of computers and/or graphing calculators
capable of running computer algebra software will further reduce the reliance on
institutional laboratories.
There is no doubt that computers and graphing calculators are well on their way to
becoming part of the educational background in the same way that calculators have
become widely adopted (Williams, 1993). What is also of interest are research reports
about the introduction of such changes, but first a brief historical sketch of the kinds of
hardware and software that feature in the research reports will be given.
In general, computer algebra systems (CAS) are tools built by and for mathematicians.
The software Derive was released on October 1988 to run on PC compatible computers
and was a rewrite of the software muMATH, itself released in 1979 for 8080 and Z80
computers, and Radio Shack TRS-80 computers. Before that, CAS were only available
on large mainframe computers (Kaineder, 2003). Texas Instruments produced the TI-92,
(see Figures 2.3, 2.4 below), a hand-held calculator with built-in Geometry, graphing,
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and CAS software for the school and college market in the USA. Texas Instruments and
the authors of the Derive program jointly developed the CAS software on the TI-92. A
main feature is the QWERTY keyboard, which makes this machine more like a minicomputer than a calculator.

Figure. 2.3
TI-92 Calculator

Figure 2.4
Screen of TI-92 running Derive software
The compact size and low price of these machines have contributed to their widespread
introduction in some countries and in some states within other countries.
In 1987, Stephen Wolfram founded the company Wolfram Research, devoted to
technical computing. In June 1988, Mathematica Version 1.0 was released and as at
2003 version 5.0 is available. This CAS software now has at least a million users
worldwide (Wolfram Research, 2003). The system handles numerical, algebraic,
graphical and programming tasks required by engineers, mathematicians, scientists, and
students. See Figure 2.5 for a sample of Mathematica output.
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Figure 2.5
A sample of Mathematica output
Two reviews of relevant studies: Kaput (1992) and Perkins and Unger (1994)
The chapter titled Technology and Mathematics Education by James J. Kaput (Kaput,
1992) in Grouws (1992) Handbook of Research on Mathematics Teaching and
Learning, provides an extensive overview of early research into this aspect of
Mathematics Education, albeit mainly from an American perspective and from the view
of learning that earlier in this chapter I have labelled “acquisitive”. Three points that are
pertinent to the purposes of this review are considered below, contrasted with
alternative views where appropriate.
Firstly, by setting up an analogy between a child's use of a bicycle and a child's learning
of mathematics, Kaput (1992) identifies the types of questions that face researchers. Just
as there is no question that a bicycle does a better job in converting a child's energy to
forward motion, there is no question that "computational aids overall do a better job of
converting a child's intellectual power to mathematical achievement than do traditional
static media" (p. 518). This analogy shows in a convincing way that just as bicycles
should or should not be used at different times and places, the real questions that
mathematics education researchers need to answer are those that concern the
circumstances in which the use of traditional or computer media is appropriate, and not
whether or not a child can learn and do more mathematics with a computer or other
technology than they could with traditional media.
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Secondly, in his own classification system, Kaput (1992) lists types of software to be
considered as Computer Games, Computer Tutorials and Computer Aided Instruction,
Computer Simulations and Microworlds, Computer Tools, and Computer as Toolmaker
and Medium Builder. Mathematica is listed as a "powerful tool and a tool/microworld
maker simultaneously" (p. 521). With regard to the paradigms described at the
beginning of this chapter, this classification may seem adequate within the information
processing view of cognitive processes, (learning as the acquiring of concepts and skills
by individuals), however the view from the social construction of knowledge
perspective and from activity theory sees tools themselves as cultural artefacts and
subject to scrutiny. This is indeed undertaken by Eric Love (1995), who writes:
Expert users are able to think of such aspects as 'tools' because they project their
previous experiences of paper-and-pencil mathematics on to the situation in the
computer software and use these tools as surrogates for their previous manual
techniques. Learners, of course, do not have this previous experience and thus
have the double handicap of knowing neither under what circumstances they
might use the tool, nor how it works. (p. 114)
On the other hand, Love’s positioning of learners as handicapped overlooks the fact that
they may have an advantage if they are not constrained by old ways of using the tools.
They may be able to find ways of using CAS that would not occur to those
mathematicians who might only see the possibilities of replacing known pen and paper
routines with CAS use. Love (1995) goes on to show how mathematical techniques are
being built into software to such an extent that soon it may not be necessary for anyone
to need to know how to carry out the techniques by hand, or even with the software.
This is echoed by Chris Bissell, (1995) who points out that practising engineers prefer
to use pictorial and graphical representations rather than solve problems with traditional
mathematical methods that rely on knowing and using the techniques of calculus.
There is a challenge here for providers of mathematics as a service subject in
universities: there is a need to find out what mathematical skills and tools are required
in the professions towards which the students are heading. At the same time, arguments
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are needed to defend the discipline in its own right: a number of people will always be
needed who have the skill to construct, evaluate, and maintain the software tools. These
people would need to have a deeper knowledge of the mathematical structures
underlying CAS than the knowledge acquired by users who do not concern themselves
with how the system actually works.
The third part of Kaput’s (1992) chapter that is relevant to my research is his model of
the interactions between processes involving mental structures and processes involving
physical structures, or notation systems. He uses this to build up a model of multiple
representations, and also to classify four main types of mathematical activities in school
mathematics. This model is used to explain the design behind new software that relies
on linked representations of "mathematical" situations. At this level, it provides a useful
way of talking about such software, which is an expanding area of research. (See, for
example, the variety of papers in Romberg, Fennema, & Carpenter, 1993). From the
point of view of learning with the aid of visual tools, however, there is more to say.
Firstly, are there too many details on the screen at once in these multiple
representations? Secondly, is the viewer reduced to passive pointing and clicking,
distracted by the representation and not "seeing through" it to the point of being able to
construct their own mental image of the mathematics that is going on? John Mason
(1995) voices these concerns:
Experience in other media suggests that a more fruitful approach may be to learn
from a Gestalt perspective, to provide a minimum of screen detail which will
sufficiently intrigue the viewer to try to make sense of what is seen, through
filling in of details, and so initiate a sense-making action which will continue into
accounting-for that succession of images. It is so tempting to tell-show all that you
know when you are producing materials for others, rather than locating the
minimum needed to invoke the sense-making powers of the student. (p. 126)
It could be claimed that Kaput's model, as effective as it might be for designing
software for the ideal (and therefore nonexistent) learner, does not contain recognition
of the vital part of learning: motivation to engage in sense-making. In the language of
activity theory this is the student’s image of the ‘object’ of their activity - an image that
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is constructed in response to a felt need. It will be argued throughout this thesis that
what is required in a theory of learning is a perspective which regards learners in
context(s), in a cultural place and time, and which investigates learners’ goals and their
felt needs for action. Also required is a critique of current assessment practices, to be
able to establish what kinds of learning are being assessed and to judge the messages
that assessment sends to learners. How is the assessment weighted towards reproduction
vs. understanding, for example? How does that influence a student’s formation of
personal goals? A useful model of "understanding" that is appropriate to a CAS
environment is reviewed in the next section.
A CAS such as Mathematica, with its capacity to combine visual and symbolic
representations, has the potential to be used to create Microworlds. The overview of
Perkins and Unger (1994) is a useful starting point for looking at research in the area
and provides a background for the contrasting views of other authors.
David Perkins and Chris Unger (1994) describe and evaluate several New Look visual
analogies and microworlds that have advantages for learners over the traditional
representations. (Traditional representations used in mathematics and science include
such inventions as number systems, algebraic notations, graphs, and co-ordinate
systems.) They first make a convincing argument for considering understanding to be
more than having "the right internal representation" (Perkins and Unger, 1994, p. 3) or
concept map of something. A person with an understanding can use a representation to
produce explanations and solve problems they have not seen before: that is, they can
produce "understanding performances" ( p. 4). These understanding performances can
be described as "solving epistemic problems of explanation, justification, and
prediction" (p. 6), and then the idea of a search in an epistemic problem space describes
what a person would be doing as they search for an explanation (the goal in this space).
The role of representations in these searches is to reduce the cognitive load, to clarify
the problem space (by giving a point of departure and a clear goal for example), and to
reveal immediate implications. The last two points are similar to the role that Collette
Laborde (1995, p. 44) allocates to software useful for learning, in that it provides tasks
to be done and also offers possible actions to the student and feedback on the student's
actions.
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The notion of an understanding performance might provide the consideration of
assessment missing from Kaput's model, which seems to stop with the learner's creation
of conceptual objects without indicating how the construction of these might be
communicated to others. The metaphor of "performance" may need some analysis,
bringing with it in its cultural baggage the notions of audience, special occasion, and
even a slightly pejorative connotation of a false or acted event. In the way it
encompasses explanation and not just finding an answer it is arguably a more useful
phrase than "problem solving", however. There is also the possibility that understanding
performances may be of different standards in a qualitative sense, something that
traditional assessment practices in mathematics rarely measure. A task with a range of
possible outcomes and entry points would be accessible by students from a wide range
of previous mathematical achievement. These are some of the features of Rich Learning
Tasks and Rich Assessment Tasks. Gary Flewelling (e.g., Flewelling & Higginson,
2002) considers examples of these tasks that are suitable for mathematics education. He
explains how they differ from rote learning tasks, and how students’ work with them
might be assessed.
In their choice of examples of these New Look representations, Perkins and Unger
(1994) are able to demonstrate very convincingly how their model works. They describe
new-look representations as special cases of analogy:
They are stripped constructed visual analogs. They are analogs in offering
analogical representations of the target domain; constructed in that they are
made up for the purpose, rather than borrowed from an existing domain;
stripped in that they omit potentially distracting and misleading detail; and
visual, harnessing the most powerful of the sensory modalities. (Perkins and
Unger, 1994, p. 25, original emphasis)
To this point, the analysis offered by Perkins and Unger seems very fruitful and offers a
useful model for evaluating similar new-look representations. However, their
conclusion that there is no intrinsic connection between New Look representations and
interactive technologies must be questioned on three points. These authors do
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acknowledge that the computer-based examples they describe are all dynamic and
manipulable, but they do not see those characteristics as essential, and suggest that static
images and concrete manipulable models may also have the features of successful
New Look representations. Since the authors do mention the motivational aspects of
computer-based representations, the first point of criticism is with the placing of
considerations of the learning environment after the development of their descriptive
model. To take this criticism further than highlighting the motivational value of the
dynamic and manipulable aspects, my second point is that the dynamic nature of
computer-generated images is an essential part of demonstrating variance. This is well
explained by Kaput (1992, p. 525, original emphasis):
One very important aspect of mathematical thinking is the abstraction of
invariance. But, of course, to recognize invariance - to see what stays the same one must have variation. Dynamic media inherently make variation easier to
achieve.
My third point of criticism is that the ability of certain computer software to capture and
replay a student's actions makes a huge contrast with the loss of the previous state that
occurs when concrete manipulables are used. This is exploited to great effect in
geometric software such as Cabri-geometre (Laborde, 1995), and the Geometric
Supposer (Yerushalmy & Houde, 1986).
Perkins and Unger (1994) give a clear picture of the ideal learning environment in
which New Look representations would be most effective. Students are "actively
engaged in the construction and assessment of their understandings by working
thoughtfully in challenging and reflective problem contexts" (p. 27). Just how such
classroom practice will "catch and correct likely misunderstandings", that is who will
correct whom, will no doubt depend on the arrangement of authority in the room.
Information processing models of learning are clearly going to be inadequate for an
investigation that is wide enough to capture these considerations. An activity theory
perspective would include consideration of responsibilities and power relationships.

32

CHAPTER 2

The idea of producing an “understanding performance” is similar in some ways to an
innovation that is part of the METRIC project at Imperial College London, as reported
by Richard Noss (1999). Students in a higher year are assessed through their production
of a “portfolio” of mathematical images, produced with a CAS (Mathematica), that
show that the student has explored real dynamical systems. Noss sees this as a way to
encourage the engagement of students with challenging mathematics at a level beyond
that which is usually assessed in timed pen and paper tests.
More recent research into teaching and learning with Computer Algebra Systems
In this part of the chapter, I will consider more recent individual studies in finer detail.
The starting points for locating studies will be national and international mathematics
education journals, and the proceedings of two international conferences: the
International Commission on Mathematics Instruction (ICMI) Study Conference on The
Future of the Teaching and Learning of Algebra held in Melbourne, 2001 (Chick,
Stacey, Vincent & Vincent, 2001) and the Computer Algebra in Mathematics Education
(CAME) Invited Workshop at the Weizmann Institute Israel, 1999 (Kent, Monaghan, &
Zehavi, 1999).
When planning a review of a large quantity of work some categorisation is necessary,
and the classification scheme I have chosen is not chronological but in terms of
increasing concern with the learning that is taking place, and for theories that account
for that learning. This means that I begin this section with (1) descriptive reports of
innovations with little or no evaluation of learning, continue to (2) experimental and
quasi-experimental studies (often comparing “treatment” and “control” groups of
students), then proceed to (3) research that classifies student responses (often listing
levels of difficulties encountered by students) and uses observations to build theory
about student engagement and the roles of teachers and assessment. Much of this
research has its theoretical home, either implicitly or explicitly, in a constructivist or
“acquisitive” paradigm for learning. I will conclude the section with (4) research reports
that place observations explicitly within “participatory” theories of learning, to return to
the opening theme of this chapter.3

3

As this is a large section of the literature review, the subparts have been numbered.
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(1)

Innovations

Reports of innovations in mathematics education often make their first appearances at
conferences concerned with professional practice, and later in journals and conferences
concerned with educational research. A recent example of the former is the Asian
Technology Conference in Mathematics (ATCM) held in December, 2001 at The Royal
Melbourne Institute of Technology (RMIT) in Melbourne. (Yang, Chu, Karian & FitzGerald, 2001). Of the forty-three contributed papers published in the proceedings, seven
were concerned with mathematics or technology but not learning, and twenty-seven
were descriptions of innovations with little or no evaluation of learning.
Within that volume (Yang et al., 2001), Zand and Crowe (2001) provide an overview of
university adoption of technology in mathematics teaching. Through visits and
interviews with nearly 100 faculty members during 1998-2000 they made an extensive
survey of the use of technology for teaching in various university mathematics
departments in Australia, USA and the UK. They point out that local innovators at grass
roots level are usually individuals or groups of individuals who launch the use of
computer algebra systems (CAS) in their own teaching, and may then acquire
institutional and/or government funding for evaluation and further development. They
list as problems for mathematics faculties in these countries the decline in interest in
mathematics among able students, and lack of government funding. There is a concern
that university administrators see the use of technology in mathematics teaching as an
opportunity to save costs by reducing staff. The authors note that there is no common
agreement about the ways mathematics curriculum should be changed in the light of the
new technology, and describe as “disappointing” the lack of consensus “about the
educational merits of using technology in teaching and learning mathematics”. However
they do not raise the issue of who might set the parameters for the necessary debate
about the educational merits of using technology. They also note the absence of
“reliable, sustained quantitative data about the effectiveness of the use of CAS” (p. 83).
Zand and Crowe seem unaware of the fact that research in mathematics education now
offers much more than the experimental model imported from the physical sciences
(Sowder, 2001). Even if it were possible to provide the kind of data that these authors
expect, it is unlikely that this evidence alone would be sufficient for the widespread
adoption of an expensive innovation.
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Meanwhile, what do the innovators who use CAS and other technology in first year
mathematics teaching report?
An example of a project that evolved over several years to meet local needs within one
institution is described by a group of mathematicians and scientists at Imperial College
London (Templer, Klug, Gould, Kent, Ramsden, & James, 1999). The context is the
teaching of mathematics to chemistry students at a time when not all first year students
have studied mathematics for A levels, the end of secondary school examinations. From
initial beginnings as a series of modules in the form of Mathematica Notebooks which
students were expected to work through on computers to address “remedial”
mathematical needs, the course evolved to a series of lectures, timed to introduce
mathematical ideas when needed for studies in Chemistry, supported by paper resources
and later a book. Problem sheets, which require students to use both mathematical and
scientific problem solving skills, provide the assessment motivation that the lecturers
found the students needed.
The Imperial College project has two major features in common with a Belgian project
reported by Ivan Knop (2001). Both were supported at some stage by National Funding
for teaching innovations using technology, and both were based on the belief that
providing students the opportunity to use a CAS to investigate and experiment with
mathematical objects is likely to improve their learning. Unfortunately, Knop does not
provide in his paper any descriptions of the kinds of activities that students actually do
with the innovative materials that are described, nor any evaluation of the learning
processes. The idea of using the power of CAS software to create new representations
and even complete microworlds is very appealing to mathematicians and to
mathematics educators. The paper describing Slidergraphs and Dynamaps (Zbiek &
Heid, 2001) is in this vein, although the underlying software in this case is an interactive
geometry construction tool.
John Mason (1995) sounds a cautionary note about the place of screen images in his
paper Less may be more on a screen. Mason points out “Just as manipulation of
physical apparatus guarantees neither construal nor abstraction of mathematical ideas
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from that experience, so experience of screen images guarantees neither construal of nor
abstraction from those images” (p. 119). As described earlier in this chapter, Mason
appeals for images that challenge or surprise, as they invoke the sense-making powers
of the student, and for tasks that allow time and space for students to construe their own
understandings of the ideas represented by screen images. This method promotes the
use of images as starting points for mathematical investigations. Images can also be new
tools, replacing algebraic manipulations in many cases where numerical solutions are
the desired result. For example, a CAS can solve differential equations numerically and
graph the results for different parameters without the need for finding exact solutions in
algebraic form (Bulmer, 2001). The questions to be asked here, of course, concern the
place of those exact solutions in the standard curriculum. One of Bulmer’s examples is
the solution of the initial value problem

dy
= − ky,
dx

y (0) = 1. As he says, the solution

can be found numerically and plotted for different values of the parameter k, without
reference to the exponential function: but it is often the case that this initial value
problem is used to introduce the exponential function, a standard component of calculus
courses. Do we have here a case where a mathematician sees a use for a tool from the
point of view of an expert who already possesses knowledge of a kind that students
lack? At this point it is worth repeating the quote from Eric Love (1995, p. 114):
“Expert users … project their previous experiences of paper-and-pencil mathematics on
to the situations in the computer software and use these tools as surrogates for their
previous manual techniques. Learners, of course, do not have this previous experience
and thus have the double handicap of knowing neither under what circumstances they
might use the tool, nor how it works”. The work of the French researchers Guin,
Trouche, and Lagrange (e.g. Guin & Trouche, 1998; Lagrange, 1999a, 1999b),
considered later in this chapter, emphasises the need for teachers to draw students’
attention to the techniques of both pen and paper and the CAS to encourage the
reflection that is necessary for learners to achieve the construction of schemes and
concepts. My opinion here, based on an activity theory perspective, is that both pen and
paper and CAS are authentic tools of practising mathematicians, and induction into the
appropriate use of both and even combinations of both is essential.
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According to André Heck (2001), the pioneering work on the innovations around the
introduction of CAS in schools has resulted in a consensus on the most important
advantage of using computer algebra in mathematics education:
Computer algebra has the potential of making mathematics more enjoyable for
both teachers and pupils because it turns mathematical entities into concrete
objects, which can be directly investigated, validated, manipulated, illustrated,
and otherwise explored. … abstraction, exact reasoning, and careful use of
symbolism are not solely a hobby of the mathematics teacher anymore, but are
immediately rewarded when using computer algebra (p. 210).
This statement captures many of the achievements of innovators in this field. It also
signals a shift in the ownership of the process of authentication that can happen with
CAS use. Zehavi and Mann (1999) found that students using a CAS to solve word
problems were able to check quickly whether or not their model made sense, and then
reflect on their models: an advantage over the usual way of teaching “where pupils do
not have any immediate control over their work and therefore have to wait until the
teacher reacts to their solution before they start to reflect, if at all” (p. 66). Of
importance here is the fact that it is not the CAS use alone that carries the possibility of
change, but the structure of learning tasks and the framing in the social context of the
classroom of the activities that the students undertake.
An example of this kind of integrated change, consisting of CAS use plus a different set
of roles for teachers and students, is provided by Schultz and Noguera (2000). In their
innovation, CAS tools were integrated into a new presentation of a low-level college
elective course called “Consumer Math”, and the course was changed to include topics
relating to mathematics literacy, current events, health, practical consumerism and
recreation. The students themselves set many of the problems to be solved, and more
emphasis was placed on students’ thinking, less on routine computations. Informal
evaluation indicated that the course was very successful.
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In the next section, a sample of experimental research is reported. Again, changes in the
teaching and learning contexts often include more than the use of CAS. The availability
of the CAS allowed for such changes, and this was exploited by innovative teachers.
(2) Quasi-Experimental studies
One of the most frequently cited reports of an experimental study comparing the
learning of students taught with CAS to students taught in a traditional way is by
Kathleen Heid (1988). The setting was a college in the USA, the students were majoring
in business, architecture, and life science. In Heid’s two experimental classes in
introductory calculus (which she taught herself, 18 students in one class and 17 in
another), concepts and applications were emphasised, with computers used for
computing derivatives, graphing, and so on until the final three weeks of a 15-week
course. During those last three weeks the students learned the pen and paper algorithms
that a comparison class had been learning all semester. The comparison class was larger
(100 students) and was taught by a different instructor. The primary sources of data
were transcripts of interviews with students, conceptual questions in a quiz taken before
the three weeks on traditional pen and paper skills, and final examination results. The
main conclusions were:
Students from the experimental classes spoke about the concepts of calculus in
more detail, with greater clarity, and with more flexibility than did students from
the comparison group. They applied calculus concepts more appropriately and
freely. As a group, the students in the experimental classes were better able than
the students in the comparison class to answer conceptually oriented questions –
an indication of a more refined ability to translate a mathematical concept from
one representation to another. They performed almost as well on the final
examination as the comparison class. Their performance was remarkably
suggestive that compressed and minimal attention to skill development was not
necessarily harmful, even on a skills test. (Heid, 1988, p. 21)
Students in Heid’s experimental classes “felt the computer aided in their conceptual
understanding by refocusing their attention” (p. 22), by relieving them of some
manipulation tasks, by giving them results that they could rely on in when drawing
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conclusions, and by helping them to focus attention on more global aspects of problem
solving.
Kenneth Ruthven (2002) has challenged the contrast of concepts and techniques that
Heid emphasized in her report. He points out that the students in Heid’s experimental
group were engaged in practising techniques, but of a different kind from the
conventional class. They worked on application problems. They also had more small
group discussions. He claims that, when viewed from the French theory developed by
(among others), Artigue and Lagrange (e.g. Artigue, 2001, 2002; Lagrange 1999a,
1999b) in which techniques have a broader scope than routine algorithms, the
conceptual development of Heid’s experimental group “grew out of new techniques
constituted in response to this broader range of tasks, and from greater opportunities for
the theoretical elaboration of these technique” (Ruthven, 2002, p. 284). This raises the
issue that concepts in mathematics need not be regarded as “pure” and “abstract” mental
abstractions. Indeed in activity theory the construction of the internal plane through
external activity embodies the idea that our conceptual knowledge inescapably carries
with it the flavour of the activities that were its source. Vygotsky’s sentence “the central
moment in concept formation, and its generative cause, is a specific use of words as
functional tools” (Vygotsky, 1986, p.107) could be adapted to include the specific use
of symbols, diagrams, algorithms, etc as functional tools.
Jeanette Palmiter (1991) also investigated the teaching of an early calculus course, this
time on integration, a “second quarter” course. Unlike Heid’s study in which allocation
to the experimental classes was not random, 120 volunteers were randomly assigned to
an experimental or control group. Other differences were that the students were in
engineering courses, and those in the experimental group used the CAS for their
homework and their final examination, which was identical to the exam taken by the
control group. Both classes also sat for a pen and paper conceptual examination. For the
control group, both exams were taken at the end of the ten week course. The
experimental group took the exams after five weeks, so that the final five weeks could
be spent on learning the pen and paper algorithms that the control group had studied.
This was thought important since those skills would be assumed in later courses.
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Palmiter (1991) found that the experimental class outscored the control group in both
the conceptual and the computational exams. Students proceeding to later calculus
courses from the experimental class fared “at least as well” as those from the control
group (p. 155). Both Heid and Palmiter point out that the use of the computer algebra
systems in their studies (MuMath in Heid, MACSYMA in Palmiter) was not the only
difference in the experiences of their groups of students. The classes had different
teachers, although in Palmiter’s study some attempt was made to reduce the impact of
this by having the classes taught by lecturers and teaching assistants of the same gender
(female) with similar teaching reputations (highly regarded). The teachers met weekly
to ensure that the same material with the same focus was being presented.
The work just described by Heid (1988) and Palmiter (1991) are examples of many
studies conducted prior to 1995 using an experimental research design to investigate the
effects of using CAS on the conceptual understanding of students in early calculus
courses. More recently and in an Australian context, McCrae, Asp, and Kendal (1999)
found that access to a CAS enabled students in year 11 to perform differentiations with
the same level of success as year 12 students, and they obtained a better conceptual
understanding than a comparison non-CAS year 11 class. Other studies are reviewed by
David Meel (1998) who concludes that this body of research indicates that “CASintegrated calculus curricula either minimally or significantly impacted student
achievement on conceptually-oriented items in comparison to the achievement
evidenced from performances by traditional calculus students on instruments designed
specifically to gather this information” (p. 166).
Meel (1998) also notes the change in focus in research in this area, away from studying
responses to common final examinations and attitude surveys, and towards “examining
conceptual, procedural, and problem-solving differences between students of CASintegrated calculus curricula with respect to students of traditional calculus curricula”
(Meel, 1998, p. 165). Park and Travers (1996) do indeed include achievement tests and
attitude surveys in their data collection, but an innovation is their use of student
generated concept maps to assess conceptual understanding. Their “experimental” group
were students in the Calculus&Mathematica [sic] course at the University of Illinois, in
which lectures are replaced by laboratory work on prepared CAS files designed to
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introduce calculus ideas through experimentation in a largely visual and interactive
environment (Ohio State University, 1998 - 2003). The concept maps prepared by these
students scored more highly on measures of detail, number of concepts and cross-links,
and congruence with instructors’ concept maps than those of students in a comparison
traditional calculus class.
(3) Theory building about student engagement within the CAS context:
Guin and Trouche and Instrumental Genesis
Since 1980 all types of calculators have been freely used in French secondary school
examinations and a corresponding interest is shown by the Ministry of Education and
Technology in promoting their use in classrooms (Guin & Trouche, 1998). Dominique
Guin and Luc Trouche (1998) describe the resistance of many teachers to this new
technology, in spite of its official approval. In this context, their research suggests that
without guidance from teachers about reading the images on a graphic calculator screen
students tend to confuse mathematical objects with their screen images, and can
construct incorrect ideas about mathematical objects that the tools cannot show, for
example the behaviour of functions for large values of the independent variable.
Research by Guin and Trouche emphasises the distinction between a tool and an
instrument, the latter being a psychological construct achieved when a person has
obtained sufficient knowledge of the potentialities and constraints of an artefact in order
to use the tool effectively in the process of an activity: in effect the person has
appropriated the tool. This, of course, reminds us again of Eric Love (1995, p. 114): “It
is a mistake to think, especially in the teaching-learning situation, of tools as having
some kind of existence outside of the contexts in which they are used”. In Guin and
Trouche’s terms, an instrument is more than a physical tool. They give an analysis of
the constraints and potentialities of the graphic calculator with Derive and then show
how a reorganisation of classroom dynamics can help students to make the necessary
integrations to achieve what they call an instrumental genesis. They set out to develop
situations that aim:
to foster experimental work (investigation and anticipation) with interactions
between graphic observations and theoretical calculus, and to encourage students
to compare various results of different registers in order to tackle the distortion
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between the paper and machine environments, precisely because it is not a
natural behaviour. This reflection is needed in order to seek mathematical
consistency in various results and will motivate students to improve the
mathematical knowledge required to overcome these contradictions (such as the
distinction between approximate and exact calculation, control of numerical
approximations, reflection on the unavoidable discretization of the screen and
the nature of representatives and calculation algorithms). (Guin & Trouche,
1998, p. 208)
In these rearranged classrooms, students worked in pairs or groups of three on problems
specially chosen to provide challenges and to bring out difficulties in the representations
on the machines. The students were obliged to prepare written reports at this stage.
Later the teacher, assisted by a “sherpa student” who operated a graphic calculator
attached to a screen, orchestrated a class analysis of the problem. “The teacher’s role
was to compare different strategies, pointing out the contribution of each group, and
suggesting questions designed to make students discuss the various results found” (Guin
& Trouche, 1998, p. 211). The authors developed a typology of five kinds of student
behaviours with the graphic calculators, and found that students who used a rational,
resourceful or theoretical work method were likely to make more progress over time
than students using a random or mechanical work method. The authors make a case for
changing the arrangement of classes to encourage student research, and conclude with
practical points for teachers concerning technological issues.
From an activity system viewpoint (see Figure 2.1), the activity is different in these
classrooms because of the opportunity for students to create for themselves multiple
objects. The choice of different goals, influenced by each student’s personal culturalhistorical background, would lead to (at least) the five kinds of work methods. The
teacher also has different objects than in conventional classrooms, so the division of
labour changes and responsibilities for learning shift. The formal and informal rules
which mediate interactions between members of the learning community will also be
different.
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The work of Guin and Trouche (1998) reported above has been used to introduce this
section as it features the difficulties that many writers have observed in the introduction
of CAS into classrooms. It is simply not the case that having access to the machines and
the software leads inevitably to increased exploration and improved mathematical
thinking on the part of students. Other researchers have reported these findings in their
own research, a sample of which is used in the next section to reinforce the findings of
Guin and Trouche. I summarise these as: (i) technical difficulties, (ii) student attitudes,
(iii) individual differences, (iv) role of the teacher, and (v) significance of the learning
tasks.
(i) Technical difficulties in using CAS
Jean-Baptiste Lagrange has been investigating the use of CAS in French schools since
1994. In summarising this work he states “technical difficulties in the use of CAS
replaced the usual difficulties that pupils encountered in paper/pencil calculations.
Easier calculation did not automatically enhance students’ reflection and understanding”
(Lagrange, 1999a, p. 6). Lagrange (1999a) makes the point that conceptual reflection on
techniques, not on tasks, is necessary for concept building, and that without the step of
reflection, students know that their own understanding has not been enhanced: “so it
appeared that many students did not consider problem solving using computer algebra
as a convincing support of their understanding of mathematics, even when they liked it.
They felt that their understanding developed from the techniques that they built in the
ordinary context, and solving problem with CAS seemed to them very apart from these
techniques.” (Lagrange, 1999a, p. 6) Lagrange proposes that the use of a CAS needs to
be taught with an emphasis on its own techniques, to foster student reflection. In a paper
reviewed in the next section, Lagrange shows a leaning towards more of a socio-cultural
approach to learning and I show how his description of the learning process can be
recast in the language of activity theory. As Lerman (1999), in responding to
Lagrange’s presentation has noted, the link between enactive knowledge and computer
representations is one aim of such research, but he seeks in addition the link “between
useful and motivating tasks and the kinds of mathematical activity that can lead to
solutions” (p. 17).
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In the Netherlands, Paul Drijvers (1999, 2000, 2001) set out to explore the nature of
obstacles that students encountered in using a CAS. Obstacles encountered by students
using CAS include (Drijvers, 2000, p. 205):
1.

The difference between the algebraic representations provided by the CAS
and those students expect and conceive as ‘simple’.

2.

The difference between numerical and algebraic calculations and the implicit
way the CAS deals with this difference.

3.

The limitations of the CAS and the difficulty in providing algebraic
strategies to help the CAS to overcome these limitations.

4.

The inability to decide when and how computer algebra can be useful.

5.

The flexible conception of variables and parameters that using a CAS
requires.

The first of these is similar to the kind of technical difficulty described by Lagrange
(1999a). As Drijvers notes, these obstacles have a technological component, but dealing
adequately with them requires mathematical insight. This is where teachers have a
special role, as other researchers have also concluded. Drijvers (2001, p. 226) agrees
with Guin and Trouche (1998) about the role of “student interaction, classroom
discussions and demonstrations” as an issue for teaching. It is in these discussions that
students will find out how to “help the machine” when its limitations prevent it from
giving an output when expected (obstacle 3 above).
Lynda Ball (2001) also describes this aspect of the interplay between “by hand”
manipulations guided and prompted by algebraic insight, and using the CAS to do what
it can do. In order to use CAS successfully, students will need to have an algebraic
sense of the various forms that equations may take, and know how to transform a given
equation into one of those standard forms. Robyn Pierce and Kay Stacey (2001) give a
framework for algebraic insight, which they are developing to guide the construction of
CAS experiences for first year university students in an ‘introduction to calculus’
course. They define algebraic insight as “the algebraic knowledge and understanding
which allows a student to correctly enter expressions into a CAS, efficiently scan the
working and results for possible errors, and interpret the output as conventional
mathematics” (Pierce & Stacey, 2001, p. 418). McRae, Asp and Kendal (1999) also
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conclude that “indications are that, paradoxically, a strong algebra facility is needed to
get the best out of a CAS” (p. 364). Those authors had investigated the progress of three
year 11 classes using CAS calculators in an introductory calculus course and used a
year 11 (non-CAS) class, and a year 12 class for comparison. Lagrange (1999b), in
describing teaching experiments with the TI-92 in year 11 French classrooms, makes
the same point: “once more we see how good algebraic schemes are essential to be able
to make sense of computer algebra output” (p. 75).
In responding to Drijvers’ 1999 paper, Kaye Stacey (1999) states that research that she
has been involved with in Melbourne has also found the obstacles listed by Drijvers.
She notes a parallel with earlier work in the 1970s concerning the introduction of
electronic calculators into schools (Etlinger, 1974, cited in Stacey, 1999), in that
machines using CAS have enormous power “but the pedagogical opportunity often
arises at the edge of this power” (Stacey, 1999, p. 55). This is the opportunity to
improve students’ mathematical understanding by working at things the CAS cannot do
alone. However, the limitations can also be frustrations (p. 56).
The obstacles 2, 3, and 4 found by Drijvers have consequences for the use of CAS
enabled calculators in high stakes assessment such as examinations. Ute Mueller and
Patricia Forster (1999) analysed the way that students used graphing calculators with
some CAS functions in the Western Australian Tertiary Entrance Examinations in 1998,
the first year that the technology was allowed in the examinations. Although they
concluded that calculator-based answers were not associated, in general, with higher (or
lower) marks than traditional alternatives they identified several problem areas arising
from the use of such technology: “foremost are the interpretation of graphical
information and students’ apparent uncertainty as to when use of graphics calculators is
appropriate” (Mueller & Forster, 1999, p. 402). Examples included the misinterpreting
of graphs when asymptotes were involved, reporting a definite integral as “35.9999”
directly from a CAS display rather than giving the exact value of 36, not including
sufficient reasoning in questions about limits, (tables of values showing a trend would
have been accepted but students only gave two or three values), and failing to recognise
errors that were caused by the limitations of storing very large or very small numbers in
the calculator.
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As a final comment on technical difficulties in using CAS, it is worth noting that many
mathematicians have found bugs in CAS software. Examples are listed in Heck (2001)
and Kadijevich (2002). Teachers need to be aware of these, of course, and students will
need to learn strategies for checking their work.
(ii) Student attitudes
Galbraith and Haines (2000) point out that the role of attitudes in mathematics learning
has been studied for some years, although differing meanings have been attributed to
the term. They use the Hart-Mandler-McLeod ordering of belief, attitudes, and emotions
as a way to represent “increasing affective involvement, decreasing cognitive
involvement, and decreasing stability” (Galbraith & Haines, 2000, p. 9). A benefit of
this classification is that items aimed at describing attitudes can be worded so that the
respondent is personally involved, and they give an example: “ ‘I feel more confident of
my answers with a computer to help me’ rather than ‘Computers help people to be
more confident in obtaining answers’ ” (p. 11). In choosing to base their scales
regarding mathematics and technology on confidence and motivation, they point out that
anxiety is often regarded as the opposite of confidence, leaving two constructs,
confidence and motivation, that have played a major role in the investigation of
attitudes to mathematics and the prediction of achievement over many years (p. 13).
Two additional scales were designed “to measure the degree of interaction between
mathematics and computers that students perceive they apply in learning situations, and
the degree of engagement that the students bring to their mathematical learning” (p. 13).
The six scales developed by Galbraith and Haines (2000) are:
1.

Mathematics confidence

2.

Mathematics motivation

3.

Mathematics engagement

4.

Computer confidence

5.

Computer motivation

6.

Computer/mathematics interaction
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The questionnaire developed to measure these constructs was used in surveys of 442
first year students in engineering, mathematical sciences and actuarial science at a
metropolitan university in London (about 150 in each of three consecutive years).
The main finding was that confidence and motivation scales were strongly associated
within mathematics and within computing, but less strongly associated across the areas.
Mathematics engagement was strongly associated with motivation, and the computermathematics interaction scale was more strongly associated with the computer scales
than with the mathematics scales (pp. 25-26). A principal components analysis yielded a
two-factor solution confirming that the computer and mathematics related scales defined
different dimensions, with computer properties dominant in the interaction scale (p. 27).
Similar results were obtained from a survey of 175 students in a first year mathematics
program (mainly engineering students) at a Queensland university.
Unfortunately, the contexts of these studies are not reported in Galbraith and Haines
(2000), and they are also not reported in a related article by Galbraith, Haines, and
Pemberton (1999). The kinds of mathematics and computer classes that these students
experienced are not described, making it difficult to relate the results to other situations.
In Galbraith and Haines (1998), the development of the scales in a survey of 156
students “on entry” is described. In Galbraith and Haines (2000), these 156 students,
surveyed “on entry” are referred to and the other groups are said to be “corresponding
groups of students”. If it is the case that all students whose responses contributed to the
development of these scales were surveyed on entry, that is, before commencing any
undergraduate mathematics studies with or without CAS, then that should be kept in
mind when these scales are used in situations where students have been working with a
CAS in a university context. In particular, for my study of students’ experiences with a
CAS in which the students are surveyed after one semester’s experience at university,
comparisons with the results of Galbraith and Haines (2000) will not be useful.
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A report by Galbraith, Pemberton, and Cretchley (2001) does describe the learning
experiences of students in two different institutions: the University of Queensland,
(UQ), and the University of Southern Queensland, (USQ). The report compares results
obtained from using the Galbraith and Haines scales (at UQ) with results from a
different set of questions designed to measure Mathematics Confidence, Computer
Confidence, Math-Tech Attitudes (attitudes to technology use in the learning of
mathematics), and Math-Tech Experience (views on experience with software in
learning mathematics), at USQ. Similarities in the structure of correlations were
observed, with a very weak correlation between Mathematics Confidence and Computer
Confidence, and Math-Tech attitude and Math-Tech Experience correlating more highly
with Computer Confidence than with Mathematics Confidence. The pattern of pre-post
scores was quite different between the two institutions, with students at UQ reporting a
decline in both Mathematics and Computer Confidence and Motivation that was not
evident at USQ. In attempting to explain these results, the descriptions of what the
students actually did, and how the assessment experiences were structured, became
essential. Here are the most telling sentences:
For the UQ students the Maple environment was an effective gatekeeper to
success in mathematics because of the central role it played in the program.
Feelings about computing would likely be integrated with concern with success,
even among the supremely competent, and it is most unlikely that such high
stakes featured in their earlier computer experiences. … For the USQ students
MATLAB was provided as a support, indeed a powerful support but not a
gatekeeper to success because of the continuing priority accorded parallel
approaches such as hand calculations. This meant that the computer power on
offer had an element of choice, with students able to access it as they saw the
opportunity and value in doing so. The students were in control. (Galbraith,
Pemberton & Cretchley, 2001, p. 239)
Here we see the importance of context, both the assessment context, and the positioning
of the CAS. In the different contexts, the CAS was seen by the students as a high-stakes
hurdle on the one hand (UQ), and as a support in the development of pen and paper
skills, which the students still saw as “real” mathematics, on the other hand (USQ).
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In the language of activity systems, the division of labour / distribution of power played
a major role: when the students were in control of the way they used the CAS,
Mathematics and Computer Confidence and Motivation (as assessed by this research),
did not decline.
(iii) Individual differences
As noted above, Guin and Trouche (1998) identified five kinds of student behaviours
with graphic calculators. Their contrast of rational, resourceful and theoretical working
styles with random and mechanical working styles could be applied to the descriptions
in Weigand and Weller (2001), who used a program running in the background to
capture the keystrokes and windows used by the students in their study. Working styles,
of course, are not independent of the task, nor of the social environment of the
classroom. Weigand and Weller found examples of students who were influenced by the
requirements of the task, and the use of the computer, to think about mathematical
functions, precisely because the software needed them to declare functions in order to
draw objects on the screen. (One of the tasks required students to replicate a “ski-jump”
by finding the equations of two parabolas.)
Some students in their study created many graphs one after another, with little pause for
reflection. Those authors also make the point that “It requires a teacher – or wellconstructed materials – to help the student reflect upon or think over the computer
results” (Weigand & Weller, 2001, p. 106). I think that Guin and Trouche (1998) have
made more progress towards finding arrangements for working in the classroom that
encourage students to achieve instrumental genesis, that is the appropriation of the CAS
as personal tools. Notably they achieve this through an arrangement of social and
intellectual tasks that is not at all like the traditional didactic teaching model and also
not a “one person one machine” model. A more complex role for the teacher is
indicated, and this is discussed in the next section. From a socio-cultural perspective,
the observer in a computer lab would be aware of interactions with peers and with
teachers, or the lack of such discussions, and the implications on the students’ actions in
both cases.
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(iv) The role of the teacher
Kendal and Stacey (2001) investigated the role of the teacher in influencing the use that
students made of computer algebra systems and consequently the mix of conceptual and
procedural knowledge acquired by students. They used Wertsch’s notion of
“privileging” to describe a teacher’s individual way of teaching, including decisions
about what is taught and how it is taught. Two teachers of parallel year 11 classes in
introductory calculus were observed and interviewed, and their classes also took tests
designed to assess competencies in numerical, graphical and symbolic aspects of
differentiation. “Students of the teacher who privileged conceptual understanding and
student construction of meaning were more able to interpret derivatives. Students of the
teacher who privileged performance of routines made better use of the CAS for solving
routine problems” (Kendal & Stacey, 2001, p. 143). This is entirely consistent with
Ruthven’s (2002) interpretation of Heid’s 1988 research, as outlined earlier. From the
acquisitive / constructivist theory of learning perspective, students acquire transferable
schema from reflection on techniques, and from the participatory / socio-cultural
viewpoint, students increasingly appropriate the practices of the classroom in which
they are situated.
The 1990s saw an increased focus on the teacher in all areas of education research, and
John Monaghan (2001) points out that more research is needed to assess how
mainstream teachers (rather than innovators) are likely to regard the integration of CAS
into their teaching. Some may see it as a threat to their role as the only expert in the
classroom. Monaghan argues for a link to be made with the existing tools of the algebra
teacher: the textbook and their command of algebraic techniques: “curriculum change
must start by recognising (and valuing) teachers’ practices” (Monaghan, 2001, p. 465).
(v) Significance of the learning tasks and assessment considerations
The implications for mathematics assessment of the introduction of CAS on computers
or on hand-held calculators such as the TI-89 or the TI-92 are tied up with implications
for the mathematics curriculum (Meagher, 2001). On the one hand, with little change in
curriculum it is possible to construct assessment items that do not excessively reward
students who use such software, as described by Mueller and Forster (1999). There are
negative consequences to a course of action that allows CAS for teaching purposes but
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not for assessment, as predicted by Kemp, Kissane, and Bradley (1995). These include
the possibility that many students would choose not to use the technology at all so that
they are prepared for a non-technology assessment, and this has been empirically
verified by research studies. (For example, see Macintyre & Forbes, 2002). Other
negative consequences are that many students may be denied access to technology that
is not seen as essential. On the other hand, unrestricted access to technology may result
in inappropriate uses, and an avoidance of learning to do anything by hand.
Mathematicians such as Eisenberg (1999) have voiced these concerns. A way forward is
suggested by Bernhard Kutzler (2002) among others, who proposes the assessing in
separate ways of essential by-hand techniques and technology-assisted problem-solving.
The issue of what skills and topics within the standard school curriculum remain
essential has been addressed by Herget, Heugl, Kutzler, and Lehmann (2002) and by
Peschek and Schneider (2001).
Overview of the chapter so far
To this point I have examined three of four groupings of research into teaching and
learning with CAS at senior high school / first year university level. The first three
groupings were Innovations, Experimental Studies, and Theory Building about Student
Engagement and the Role of Teachers.
Where does the research reviewed so far lead us? What visions for change are
presented? First, there are the conciliatory conclusions that it is possible to introduce
CAS without “damaging” the traditional set of pen and paper skills that upper high
school and early university mathematics seeks to teach. However, there are also
anecdotes about the loss of these skills and one has the impression that mathematicians
and teachers at university level are concerned not to be caught out in the way that they
perceive mathematics teachers were with the introduction of calculators in schools. A
balance of assessment items would ensure that basic pen and paper skills are still valued
and rewarded. Second, there is considerable research concerning the difficulties
encountered by students when using CAS technology. Third, there is a growing body of
research in the form of carefully evaluated developmental studies showing how certain
features of CAS can be used to enhance learning. The studies reviewed here are all
situated within views of teaching and learning mathematics that would more readily be
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aligned with constructivism than with a socio-cultural view. The emphasis is mainly on
the acquiring of skills and concepts by students with minor consideration of the
motivations of students and the social settings of the classroom. An exception is the
work by Guin and Trouche (1998) reviewed earlier in this chapter: these researchers
deliberately address the importance of reflection by setting up the school classroom so
that the teacher has a role that encourages discussion.
It seems to me that, in the main, the research reviewed so far does little to challenge
current university teaching practice in a significant way. A university mathematics
educator could take on board all these findings and still not change their practice – the
practice of choosing material, designing the teaching and learning experiences of the
students and the assessment procedure – in a major way that really reflects the power of
the new software. And in fact I believe that is the state of things in most university
mathematics departments in Australia.
What is missing in the analyses above, I believe, is an explicit examination of the power
structures that define teaching and learning activities, the choice of tasks and the choices
to engage (or not) with those tasks, and the actual activity of the students. Student
voices are not often heard in the kinds of research reported so far. From an activity
theory viewpoint the socio-cultural context plays a role, largely unexamined in the
reports described above, in establishing the needs that in turn promote goal formation
and actions directed towards those goals. It is likely that without a compelling need to
change one’s way of working, students will adopt the patterns of engagement with
computer-based mathematical tasks that they have found successful in their previous
encounters with school mathematics. Crawford, Gordon, Nicholas, and Prosser (1993,
1994, 1998a, 1998b) have shown that this is likely to be a surface approach, focussing
on reproduction. There will be perturbations in this pattern due to the prior computer
experience of some students, as suggested above by Galbraith and Haines (2000), and
also due to assessment issues (Galbraith, Pemberton, & Cretchley, 2001), as described
above. From an activity theory perspective, these can be regarded as aspects of personal
and cultural histories, and as issues of social context in the form of “rules” and “division
of labour” in the activity system model. But what is the dynamic for change?
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It is interesting to note that David Tall (Tall 1991, 2000a; Tall, Blokland, & Kok 1990),
one of the major researchers in the cognitive / constructivist paradigm in the field of
computer supported mathematics learning, and designer of the successful microworld A
Graphical Approach to the Calculus (Tall et al., 1990), acknowledges in his more
recent work the role of the social dynamics of the classroom:
The moral of the story is that it is possible, with a well-designed microworld, to
build an environment for exploring highly subtle theories in an informal way.
However, I do not see the computer microworld as the sole agent in facilitating
student exploration and peer discussion. The role of the teacher as mentor is
vital – to draw out ideas from students and to encourage them to express
verbally what they see occurring visually. (Tall, 2000b, p. 229).
A stronger challenge, however, comes from Kate Crawford (1994) who calls for a
review of the social organisation of educational contexts, since technological advances
now require us to place a higher priority on creative and adaptive human capabilities.
“Implicit prerequisites to the creative use of knowledge as a basis for objective
organisation are more independent and creative learning experiences for students”
(p. 103). Crawford underlines Pratt’s claim (cited in Crawford, 1994), that the creation
of microworlds by students rather than the interaction with microworlds developed by
others can be the source of educational power in the new technologies. This promises to
be an expansive direction for work with CAS in mathematics courses in universities.
Perhaps the dynamic for change could come from outside universities, in the form of
demands for creative, innovative graduates rather than rule-followers.
I now return to the list of four groupings of research into teaching and learning with
CAS at senior high school / first year university level. The fourth grouping contains
reports that use a socio-cultural view of learning, and bring us closer to the issues that
activity theory is, I believe, well placed to address.
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(4) Explanatory work: placing observations within theories of learning and social
activity.
In this section, I consider several reports concerning research with graphing calculators
or CAS, in which socio-cultural aspects of learning theory are made explicit.
I will begin with the paper by Jean-Baptiste Lagrange (1999b), because it shows how
this researcher has found a need to go beyond constructivism to incorporate explicitly
the Vygotskian notion of mediation by tools. He points out that:
Mediation changes the nature of the action of human over objects…the idea of
mediation is useful in our project because a purely constructivist view of the use
of computers is insufficient to analyse the interaction between the user, his/her
instrument and the objects in the settings. A constructivist view assumes that the
computer settings will provide the means for a predictable and meaningful
interaction. What actually happened when we observed the use of DERIVE was
different: interaction situations of the students and DERIVE were often less
productive than teachers’ expectations. (Lagrange, 1999b, p. 56.)
Lagrange’s (1999b) paper provides an analysis of what Lagrange sees as the main issue
in the teaching and learning of mathematics with CAS in French high schools. (The
students in the study all had TI-92 machines, with DERIVE built in.) The main issue to
Lagrange appears to be the finding of a new balance between concepts and techniques.
He points out that students develop concepts not by reflection on tasks, but by reflection
on the techniques used to accomplish the tasks. Although Lagrange does not explicitly
mention activity theory, I will use the activity theory framework to highlight elements
of his analysis by adding italics to the quotation below:
Every topic, mathematical or not, has a set of tasks and methods to perform
these tasks. Newcomers in the topic see the tasks as problems. Progressively
they acquire the means to achieve them and they become skilled. That is how
they acquire techniques in a topic. Furthermore, in teaching and learning
situations the students and the teachers are not interested in simply acquiring and
applying a set of techniques. They want to talk about them, and therefore they
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develop a specific language. Then, they can use this language to question the
consistency and the limits of the techniques. In this way they reach a theoretical
understanding of a topic. (Lagrange, 1999b, p. 63)
Now with concepts from activity theory added in italics in brackets.
Every topic, mathematical or not, has a set of tasks and methods to perform
these tasks [Activity]. Newcomers in the topic see the tasks as problems.
Progressively they acquire the means to achieve them and they become skilled.
That is how they acquire techniques in a topic [Internalisation]. Furthermore, in
teaching and learning situations… [Social context] …the students and the
teachers are not interested in simply acquiring and applying a set of techniques
[Actions]. They want to talk about them [Interaction with the community,
making goals for new actions], and therefore they develop a specific language
[Outcome] Then, they can use this language to question the consistency and the
limits of the techniques. In this way they reach a theoretical understanding of a
topic [Mediation of actions by language, with the outcome of a change in the
person-object relationship].
Lagrange (1999b) emphasises the need to help students to develop their own schemes
(“internal adaptive constructs of a person”, p. 63), and makes the distinction between
schemes and techniques: “techniques are official means of achieving a task but, in
facing the task, a person doesn’t ‘follow’ a technique, especially when the task is new or
more complex or more problematic than usual. When knowledge is requested a person
acts through schemes” (p. 63). In his observations in classrooms, Lagrange notes that it
is the role of the teacher, by choosing tasks and encouraging discussion, to promote the
reflection on techniques that results in learning. What is not explicit, of course, is the
social structure that promotes the interest of the students and the teachers. Presumably
that is taken as a given in these kinds of classrooms.
Margot Berger (1998) situates her study of graphing calculator use by first year South
African university students within a Vygotskian perspective:
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In brief, Vygotsky posits that education is both a theory of development and a
process of enculturation in which mediated action links the external world to
internal mental processes. All higher mental functions are products of mediated
activity in which the role of the mediator is played by a psychological tool or
sign, such as language, graphs, algebra, or a technological tool, such as a
computer or a graphic calculator. According to Vygotsky, these forms of
mediation, which are themselves products of the socio-historical context, define
and shape inner processes. In interpreting the way in which the graphic
calculator effects learning, it is helpful to regard the use of the calculator as an
external activity (manipulating mathematical concepts via graphs or numbers)
which is ultimately transformed into an internal activity (understanding maths).
(p. 15).
From an activity theory perspective, it could be suggested that Berger’s analysis
neglects the most important aspect – the motivating role of the goal of the use of the
graphing calculator. However, acknowledgement of that appears later in the paper.
Berger uses the idea of amplification effects (the graphics calculator amplifies the zone
of proximal development) and cognitive re-organisation effects (the use of the graphics
calculator encourages the student to think more deeply about mathematical concepts,
producing long term changes in the quality of learning) to explain her empirical results.
She found evidence of the former but little evidence of the latter among students
(twenty arbitrarily selected from 400) who had used graphing calculators for a year.
Berger attributes the reason for the difference to the fact that the graphics calculators
were not accorded enough status among her students, since they were not allowed in
tests and examinations but were seen as “add-on” tools. In tutorials, because of the need
to prepare students for pen and paper tests, she says that she “felt morally obliged to
limit the use of the graphic calculator to the regular tutorial problems … which all firstyear major students were expected to do. Thus, the students were encouraged to use the
graphic calculator to verify and support analytic results rather than as a tool in its own
right” (Berger, 1998, p. 17, original emphasis). She acknowledges that students need to
use technology “actively and consciously in a socially or educationally significant way”
(p. 19) in order to promote the conscious reflection that Vygotsky argues is essential for
internalisation. This is in accord with Lagrange’s (1999b) findings mentioned above.
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Hilary Povey and Myka Ransom (2000) explicitly set out to report university students’
experiences with a CAS from the students’ perspective, using a methodology based in
grounded theory and focussing on the sense that the students made for themselves of
their experiences. They do not claim to report opinions that are representative of all
students in their study, and indeed they state that most of the students were positive
about their experiences at least some of the time. However, they describe two themes
that emerged in the report writing of students from various cohorts (engineering,
mathematics, and mathematics education), which they interpret as indicating a
resistance to the adoption of CAS techniques. The themes are: a strong desire for
understanding, often linked to pen and paper mastery; and issues of control. Students
expressed concern that “technology, through its speed and opacity, can hinder
reflection” (Povey & Ransom, 2000, p. 52). Students were also concerned about
becoming lazy and unmotivated if machines did all the work for them, and wanted to
know about how the computer “did” the mathematics. An interesting point is that some
of the students felt more comfortable and more in control after checking the computer’s
work by hand, even though they used calculators as part of that “manual” checking: “an
example of someone using a familiar technology to support learning with a less familiar
technology” (p. 57). From an activity theory viewpoint, this is an example of Leont’ev’s
often quoted principle: “it is generally the fate of operations that, sooner or later, they
become the function of a machine”. (Leont’ev, 1979, p. 64). As pointed out by
Crawford (1986, p. 5), “when one uses a calculator to solve a mathematical problem the
action is not broken by this ‘extra-cerebral link’. Rather, the arithmetic computation has
become a ‘technicalized’ operation: the function of a machine.” A question that arises
for proponents of the use of CAS in teaching is whether the use of CAS as an “extracerebral link” in the way that calculators are used is firstly an achievable and secondly a
desirable goal.
A feature of the research reported by Povey and Ransom (2000) is their concern with
more than the technical skills of the students. They say that they “are not arguing
against the use of computers in the teaching and learning of mathematics; rather that we
need to heed and work with the students’ concerns in ways which respect their roots in
issues of personal worth and identity” (Povey & Ransom, 2000, p. 61). These student
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voices stating concerns about having control over their learning experiences are
reminders of the student voices at USQ in the report described in section (ii) above.
One way to use technology to enhance student control is to plan lessons in which the
computer or calculator is explicitly assigned a ‘servant’ role, as described by Galbraith,
Renshaw, Goos, and Geiger (1999). These researchers set out to build and research a
classroom culture that supports learning as a “collective process of enculturation into
practices of mathematical communities” (p. 223), with solving real life problems being
the focus and incorporating student presentations to the whole class with a large screen
allowing the presenter to demonstrate how they used their graphing calculator. They
theorise other ‘voices’ in the classroom besides the one that regards technology as a
servant, describing situations where the technology is a “partner” in explorations of
mathematical problems, and also situations where the technology has become “an
extension of self” – the highest level of functioning. This resonates with Crawford’s
(1986) description of the calculator as sometimes being an “extra-cerebral link” and the
way that the students in Povey and Ransom’s (2000) study regarded their calculators as
extensions of themselves – to be used without hesitation to check the work on the less
familiar computers. Galbraith et al. (1999) describe a successful integration of
technology into a classroom that uses it as a support for the main purpose of the class –
learning to be mathematicians.
Relevant studies in university mathematics teaching and learning

While there does not appear to be a large amount of research in the socio-cultural
paradigm regarding the use of CAS in university teaching, important work has been
carried out recently which highlighted the importance of context in university
mathematics teaching. Crawford, Gordon, Nicholas, and Prosser (1993, 1994, 1998a
and b), conducted a large study in an Australian university and their work resulted in
two questionnaires, the Conceptions of Mathematics Questionnaire and the Approaches
to Study Questionnaire. The latter is based on the SPQ (Study Process Questionnaire)
developed by John Biggs (1987), with two kinds of changes: the wording of several
questions was changed to bring out study approaches relevant to mathematics at
university level, and questions from the Achieving Approach subscale were dropped.
Among the items retained and revised were:
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“I think browsing around is a waste of time, so I only study seriously the
mathematics that’s been given our in class or in the course outline.” Surface
approach subscale.
“I believe strongly that my aim in studying mathematics is to understand it for
my own satisfaction.” Deep approach subscale.
The Conceptions of Mathematics Questionnaire was based on an earlier
phenomenographic study (Crawford et al., 1994), and has two subscales indicating a
Fragmented Conception of Mathematics (Mathematics is seen as a collection of rules
and formulas), and a Cohesive Conception of Mathematics (Mathematics is seen as a
logical system for generating new knowledge). Examples of the items are:
“Mathematics is a lot of rules and equations.” Fragmented subscale.
“Mathematics is a set of logical systems which have been developed to explain
the world and relationships in it.” Cohesive subscale.
A study at a university in the Midwest of the United States (Alkhateeb, 2001), with 156
participants from a first year mathematics course, found similar factor loadings to the
original study leading the author to conclude that “the Conceptions of Mathematics
scale appears to be an internally consistent and valid measure of first year university
students’ conceptions of mathematics” (p. 47).
Crawford et al. (1998b) reported statistically significant correlations between these two
sets of subscales, namely a positive correlation between a surface approach to study and
a fragmented conception of mathematics, and a positive correlation between a deep
study approach and a cohesive conception. When other variables which reflected
students’ perceptions of the teaching and learning environment, and prior academic
ranking were included, two clusters of students were identified. These were described as
follows:
This analysis suggests that students holding cohesive conceptions of
mathematics adopt deep approaches to learning mathematics, and have very
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different interpretations of learning mathematics at university. They perceive the
learning environment as more satisfactory and fulfilling than do students
reporting fragmented conceptions. Moreover, these students achieve at a higher
level in their university study of mathematics than those students holding
fragmented conceptions of mathematics and adopting surface approaches to
learning. (Crawford et al., 1998a, p. 465)
The authors of that study emphasized that their model of student learning was not causal
and deterministic, but instead indicates ongoing interrelationships between prior and
post experiences and understandings, perceptions and study approaches, and the
teaching and learning context. This move away from causal models towards a
descriptive framework is also seen in the development by John Biggs (1991, 1993,
1999) of his 3P (Presage, Process, Product) model of student learning, which has been
adapted by others engaged in higher education research, for example Prosser and
Trigwell (1999). In Biggs’ early study (1991), the model is linear and in one direction,
as shown by the heavier arrows in Figure 2.6 below, but in later work (for example,
Biggs 1993 and 1999), the interactions and feedback loops indicate a more complex
system.
(See next page)
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Figure 2.6
The 3P model of classroom learning (after Biggs, 1993).

In this 3P model, the introduction of a CAS is part of the Teaching Context, but as
indicated, this is linked to all other components of the model and will influence, and be
influenced by, those other components. With regard to the student subsystem, it is
claimed that:

a predisposition to this or that learning approach is the individual student’s way
of achieving balance in the system as perceived by the student. Given an
individual’s goals, self-perceptions as to ability, the mode of teaching and
assessment, the outcome, and the student’s attributions as for that outcome, so
the student will after exposure to a particular teaching/learning environment find
a certain approach to be viable and personally comfortable in day-to-day coping
with that environment, and thus be predisposed to use deep or surface strategies
for particular tasks in that context. This is why questionnaire responses,
conceptualized as presage or independent variables, can be used to assess
teaching environments as outcome or dependent variables. (Biggs, 1993, p. 10)
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An important aspect of the model is that learning approaches are not fixed properties of
an individual and are not necessarily transituational. This is where the role of
metalearning is vital. In Biggs’ scheme, metalearning involves awareness of and
executive control over one’s learning processes (Biggs, 1987). This highlights the
difference between the developed 3P model, and models based on an information
processing metaphor that regard learning styles as fixed properties of the individual.
Having to learn about a CAS may make a difference, then, to an individual who usually
adopts a surface approach to learning mathematics, but is able to make use of that CAS
to carry out the personally directed investigations that usually distinguish a deep
approach to mathematics. The interactions with teaching context in the model also move
consideration away from a deficit “blame the student” model in the case of students who
perceive the assessment requirements as too difficult and/or too time consuming.
When compared to an activity systems model, the motivation to engage in the task is
not highlighted. It may be accounted for in the student perceptions of the teaching
context, based on their personal histories. However the social importance of the task,
the reasons to form the goals that are an essential aspect of activity theory, is missing.
As Berger (1998) found in her study of students working with graphing calculators: “the
perceived and in fact the actual status of the graphic calculator in any mathematics
course profoundly effects the influence of this technology on the students” (p. 19).
A summing up

This literature review began with a description of a dichotomy in the theoretical
background of mathematics education research. This dichotomy was described as a map
of, on the one hand, acquisitive models of learning based on constructivism and
incorporating a view of the mind as an information processor, and on the other hand
participatory models of learning incorporating a more expansive and situated view of
cognition. It was suggested that activity theory could be a means to transcend that
dichotomy. A brief history of activity theory, together with the map of opposing
models, was then used as a basis for considering research into the use of CAS for
learning and teaching activities at upper secondary and early tertiary education. Most of
the reviewed research was based in the constructivist paradigm, concerned with the
acquiring of concepts and skills by individual students, however there are pointers from
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several researchers that the role of the teacher in encouraging discussion and reflection
about techniques is essential to ensure that learning (as in the acquiring of concepts)
occurred in technology-rich classroom environments. From the socio-cultural view, it is
precisely that classroom discussion and reflection, motivated by a genuine social need
to engage in sense-making, that indicates participation in authentic mathematical
activities, and this participation is the key to learning or may even be what learning is.4
The activity theory view adds several dimensions to this picture of theories of learning
in mathematics. The basic unit of analysis would be participation in purposeful actions,
acknowledging that the purpose of those actions is derived from the social context of
the activity, but is constantly adjusted by individual participants as they form their
personal goals, influenced by their personal histories and their personal opinions of the
social, institutional, and physical context. The purposeful actions are mediated by all
kinds of tools, physical and psychological, which can both constrain certain activities
and also open up new possibilities that were not possible with old tools. The tools play
various roles at the three levels of activity and the roles will be different for different
participants. Over time, individuals will internalise the external processes with material
objects in the formation of their own personal planes of activity, and this process of
abstraction yields thinking tools that may be applied in other situations but which
always carry a trace of their genesis. The role of tools is a complex one in activity
theory, and this is appropriate in considering the role of computers in mathematics
education. As Eric Love (1995) has described the situation:
There is a dynamic interaction between the work that people do, computer
software to carry out operations hitherto taught as part of a mathematics
curriculum, and of what ‘mathematics’ is thought to consist. Trying to pin down
parts of this dynamic by speaking of “the mathematics embedded in software”,
of “producing software for teaching mathematics” or “tools for doing
mathematics” will inevitably fail adequately to characterise this continually
changing interaction. (p. 117)
4

Of course, “learning”, being a social construct, has many definitions, each differently useful. Rather
than search for “the” meaning, it is productive to take the position that the way that learning is defined in
the context of a particular research project will have implications for the design and analysis of that
research, and for the significance of the results. In a similar way, the definitions of learning that teachers
hold, (either explicitly or implicitly) have implications for their teaching.
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The framework of activity systems may make clearer this dynamic. The purposes for the
CAS tool in the activity system of “doing mathematics” in a professional context are
quite different from the purposes of using a CAS in the activity system of “doing
mathematics” in a mathematics classroom. University students know this and have their
own purposes anyway, bound up with assessment. They may use CAS activities for
various purposes that do not match at all the purposes chosen by the lecturers and
teachers. This contradiction parallels Engeström’s (1987) analysis of the primary
contradiction of school-going described earlier in this chapter (see Figure 2.2).
I now re-visit the optimistic statements of Churchhouse, Cornu, Howson, Kahane,
vanLint, Pluvinage, Ralston & Yamaguti, (1986) listed earlier in this chapter,
concerning the ways in which mathematical exploration and discovery could be assisted
by computer technology, and pose several questions:
(1) Are the opportunities for self-guided exploration and discovery afforded by CAS so
much at odds with the traditional didactic teaching methods used in the early years of
mathematics at university, that innovations are unlikely ever to be mainstreamed? In
other words, are we faced with a major challenge to the culture and beliefs of people
engaged in traditional mathematics teaching? If so, is this challenge inevitable given
that fact that current university lecturers first learnt about mathematics in an era when
pen and paper technologies largely defined what mathematics was? Traditional teaching
practices were developed in this era. For example, limits to the amount of content of
mathematics courses, measured lecture by lecture, were often determined by the writing
(and copying) speed of lecturers and students respectively. Skills in solving standard
problems with pen and paper were valued. Computers were used for research, but the
skills needed were largely programming skills. How can academics address the fact that
in teaching algorithms now easily performed by machines they are teaching outdated
skills?
(2) What are the constraints and opportunities operating when academics make
decisions about teaching and learning activities with CAS? How do these academics
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interpret the demands of their situation?
(3) What do students think of their experiences with CAS at university? What are the
interactions between students’ past experiences (with computers and with learning
mathematics), and their new experiences in learning about a CAS in their first year at
university? Can the relationships between conceptions of mathematics and approaches
to studying mathematics identified by Crawford, Gordon, Nicholas, and Prosser (1994,
1998a, 1998b) be identified in other groups of students? If so, do they relate to students’
reactions to CAS experiences?
(4) How can an activity system model of the learning of mathematics at university be
used to help me to understand the tensions, possibilities, and constraints of the
introduction of CAS at this level?
In the next chapter, a preliminary model of the activity system for learning mathematics
at first year university will be developed, and research questions for the study will be
refined from the larger-scale questions listed above.
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CHAPTER 3
APPLYING ACTIVITY THEORY –
A THEORETICAL FRAMEWORK AND PRELIMINARY MODEL

Introduction
In Chapter 2, a brief historical introduction to activity theory and activity systems was
given. In this chapter, the features of activity theory are described in more detail and
implications for my research into student learning with computer algebra systems
(CAS) at first year university level are outlined. Parallels with Engeström’s (1987)
analysis of the central activity of ‘school-going’ are drawn, based on recent relevant
research. An activity systems model for the activity of first year mathematics teaching
and learning is proposed. Finally, the research questions for the data-gathering stage of
this investigation are discussed.
Main features of the theoretical framework (activity theory and activity systems)
First I will discuss the six features of activity theory as outlined in Wertsch (1979),
drawing out the implications of those features for my model of learning activity in first
year university mathematics. These features of activity theory also apply to activity
systems as described by Engeström (1987). These sections develop the introduction
given in “Activity theory – a brief history” in Chapter 2, but their place here is
important because my model is an adaptation of the Engeström model, and the ways in
which I have made this adaptation need to be explained.
Activity is analysed at various levels
As described in Chapter 2, Leont’ev’s contribution to activity theory can be summarised
as firstly emphasising the role of goals as motivators of activity, and secondly outlining
three levels that can be used to analyse human activity – activity, actions, and
operations.
Activity can be thought of as comprising a series of emerging actions towards
consciously chosen goals or subjective ‘objects’ of an activity. The motives that impel
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people towards goals are identified when we ask why certain actions are being
undertaken – then we see the broader scope of a socially constructed Activity.
Actions are the consciously formed and creative new responses that make up the flow of
the Activity as a person or group strive to attain an ‘object’. The ‘object’ is the
subjective conception of the purpose or goal of the action and all actions are
subordinated to the ‘object’. It is distinct from the observable outcomes. In many cases
the same observable outcome may be the result of differing objects and their related
Activities. It is usual for a person or a group undertaking complex activity to be seeking
to achieve multiple objects.
Operations, performed below the level of consciousness, are crystalline when compared
to the fluidity of conscious actions (Cattell, 1963) and are often used by people as tools
in the whole Activity. They are particularly interesting in this study because it is often
the fate of operations to become the function of tools. Seen from a broad perspective of
the historical development of mathematics, a CAS is such a tool as it makes it possible
for people to perform certain operations below the level of consciousness without
paying attention to the complex operational demands of such performances with paper
and pencil. In previous generations people struggled to perform such operations,
initially as actions and then, after repetition, as operations. When actions become
operations one consequence is a shift in the way people pay attention to aspects of an
activity – in their consciousness and interpretation of the eventual outcomes.
Implications
In this study, the students and the teaching staff are engaged in educational activity, the
motives for which find their source in the cultural setting (the need for a job, a degree,
status and so forth) and also in the individual situation or positioning in the university
community. We should expect to distinguish between actions and operations in the way
that students form their own goals for their work with the CAS. Those with a
background of taking a surface approach to their studies of mathematics could be
expected to create short-term low-level goals for their work and adopt an approach that
minimises the challenge. If in addition to habitually using a surface approach, students
had little prior experience with computers, they would be likely to express frustration
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with the surface features of the software such as the syntax rules, as these would be
regarded by these students as operational conditions rather than as opportunities to make
meaning about the functioning of the CAS. Frustration can also be expected if the
perceived workload (demands of assessment, etc) is high. On the other hand, students
whose experience and confidence with computers is high may be able to operationalise
some of the task demands, adapt more quickly to the requirements of the syntax and,
depending on their goals in the mathematics course as a whole, set themselves more
challenging goals and achieve a higher level of interaction with the material.
Planning to teach classes and determining the assessment involves actions and
conscious decisions. However, many academics choose to work at the operational level
when they teach, in transmissive mode, topics that are familiar to them: perhaps
lecturing from notes that have not changed in many years. If they plan to incorporate
new CAS demonstrations in lectures the time and effort involved increases at first as the
level of activity is higher. Lecturers with personal successful experiences with CAS,
who have operationalised some of the commands, are more likely to be confident about
introducing it to their students. The three levels of activity, actions and operations, will
be useful in describing features of the activity system and what students and lecturers
actually do.
Goal and goal-directedness are essential parts of the theory
This aspect of activity theory is absent from many studies in the western paradigm of
information processing. Some studies may incorporate affective variables such as
“motivation” or “confidence” but in activity theory there is no separation of affective
from cognitive aspects of learning, and context is considered.
Implications
Identifying the goals of each individual will help to understand their actions, and at the
same time identifying actions should illuminate goals. Previous experiences and
interpreting the expectations of others contribute towards goal formation. Students who
are intrigued by tinkering and investigating their own questions in mathematics will be
more likely to set themselves the goal of mastering a CAS to help them with these
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informal projects. Asking the students how they usually study mathematics and why
they choose those methods will illuminate goals.
Activity is mediated
Tools, including signs and language, are essential components of activity theory. It is
not that activities could be carried on without them or that they make actions easier, but
that they “allow and even lead to the creation of types of activities that would not
otherwise exist” (Wertsch, 1979, p26). Sign systems such as language and mathematical
symbols are the way culture is carried: “… they are the real bearer of human culture, the
means by which individual activity and individual consciousness are socially
determined” (Davydov & Zinchenko, 1989, p. 33).
Implications
The material artefacts of university mathematics education: textbooks, lecture notes,
photocopied handouts, overhead projectors, computer laboratories… and the ways that
these are used, are all part of the activity system, along with the language used and its
specialised vocabulary. The learning experiences that students and lecturers have will
all be affected by these things and will in turn have an effect on the next iteration of the
construction of these artefacts. To the participants, this will be manifested as both
constraints and opportunities, and semi-structured interviews about their experiences
with Mathematica (the CAS used by participants in this study), will be used to elicit
their opinions about these. This feature of activity theory together with the following
feature about developmental explanation, provide a theoretical imperative to place the
study in context: the context of the institution and the social structures of the university
environment, and the context of the mathematical community.
Emphasis on developmental or genetic explanation
According to Verenikina and Gould (1998),
Vygotsky’s life goal was to create a psychology adequate for the investigation of
consciousness. He stated that consciousness is constructed through a subject’s
interactions with the world and is an attribute of the relationship between subject
and object. Consciousness is neither reducible to behaviour not separate from it,
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but instead is an attribute of the organisation of practical activity. It is the
process that organises behaviour. (p. 8)
Vygotsky (1926 / 1994) writes about the origin of social behaviour and consciousness.
The reflexes of social contact
are reflexes to stimuli that in their turn can be created by man. The word that is
heard is a stimulus, the pronounced word a reflex that creates the same stimulus.
These reversible reflexes, that create the basis for consciousness (the interlacing
of the reflexes), also serve as the basis of social interaction and the collective coordination of behaviour, which, by the way, points to the social origin of
consciousness…
… the source of social behaviour and consciousness also lies in speech in the
broad sense of the word. Speech is on the one hand a system of reflexes of social
contact and on the other hand primarily a system of reflexes of consciousness,
that is, for the reflection of the influence of other systems. (p. 35)
Activity theory provides an explanation for the development of consciousness in the
individual, by emphasising the role of social interactions and the mediation of signs and
sign systems. Davydov and Zinchenko (1989, p. 29) summarise the main postulates of
Vygotsky’s theory as follows:
•

The basis of man’s mental development is a qualitative change in his
social situation (or his activity).

•

Learning and upbringing are universal aspects of human mental
development.

•

The original form of activity is its expanded performance by a person on
an external (social) level.

•

New mental structures forming in man derive from internalisation of the
initial form of his activity.

•

Various sign systems play an essential role in the process of
internalisation.
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Implications
The main implication for my study is that attention must be paid to what students
actually do and how they interpret and internalize their experiences. We can find out
about their orientations to learning mathematics by asking what they did in the past.
What do students do in a CAS laboratory? How do they perceive their role there, and
how will their previous experiences with mathematics and with computers limit or
expand the way they interact with the task and with the software itself?
The role of talking with others about mathematics is highlighted. This is part of the
development of one’s awareness of oneself as a learner of mathematics.
Another issue is the history of computer algebra systems. An important point is that
these systems were developed by mathematicians with advanced knowledge of
mathematical structure and highly skilled in both computing and in using traditional pen
and paper algorithms. The purposes for which CAS were developed may constrain the
educational uses to which they can be applied and yet may also lead us to question the
nature of an assumed difference between mathematical work and educational
mathematical work.
Human activity is of a social nature
Wertsch explains the importance of this view for the study of the development of
individual children: in the Vygotskian tradition, psychological processes such as
voluntary attention are seen as developing first on the interpsychological plane through
interaction with an adult, and then on the intrapsychological plane, that is from the
social to the individual plane.
Implications
Various questions arise. How important is it that lecturers model the use of CAS in their
lectures? Will students who enjoy working with others report qualitatively different
experiences when working with CAS in groups?
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Internalisation
This refers to the construction of the internal plane of consciousness through external,
social activities. Wertsch (1979)explains one of the differences between the approaches
of Piaget and Vygotsky to internalisation:
Whereas Piaget, especially in his later work, has been concerned primarily with
how the child abstracts and internalizes certain features of his/her actions carried
out with the physical world, Vygotsky was concerned primarily with how the
child internalises certain features of activities that are social and cultural in
nature. (p. 33)
Implications
In my research, I am not aiming to describe directly the students’ internalised
experiences of physical objects. However, as described in the following chapter,
phenomenography is a way of investigating the range of second order conceptions of a
phenomenon that a group of people have experienced. That phenomenon might be
physical or social.
Wertsch (1979) goes further in his comparison of Vygotsky and Piaget:
As opposed to Vygotsky, Piaget has posited the existence of certain operations
and mathematical forms of knowledge that necessarily arise in the course of a
child’s interaction with the external, physical world. This approach ignores the
possibility of the future evolution of knowledge in this sphere, because there is
only one set of operations that characterizes human interaction with the physical
world and, therefore, only one set of operations that can be internalised to act as
the basis of human “operative intelligence”. (p. 31.)
The Vygotskian view, however, is that forms of knowledge in any culture are constantly
evolving. This raises implications for the debate about the role of new tools, such as
CAS, in mathematics education. Are these powerful tools independent of mathematics
to the point where a satisfactory education in mathematics can be obtained without
using them, or are they part of a constantly developing, lively, complex social practice
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that is inextricably bound up with its tools? I think the former viewpoint suits those who
regard mathematics, at least as far as undergraduate level, as a timeless, proven, inert
body of knowledge. Part of my research involves interviews with practising
mathematicians who also teach undergraduates, and their views on this issue will be a
significant part of my data collection.
Main features of the model: Activity systems
In this section I will outline the tensions and contradictions that I perceive in the activity
system for learning mathematics at first year university. This will lead to my
preliminary model of the activity system for the context that I am investigating. Features
of the model will be described and then research questions that arise will be discussed.
The diagram in Figure 2.1 that was introduced in Chapter 2, summarises Engeström’s
(1987) development of activity theory principles into a system that incorporates the
community to which the subjects belong, and how relations with the community are
mediated. Activity systems are not fixed. There are adjustments and transformations as
the system “incessantly reconstructs itself” (Engeström, 1991, p. 267). Engeström refers
to tensions in the system as ‘contradictions’. In resolving these contradictions the
activity system evolves. Engeström (1987, pp. 82-89) describes four kinds of
contradictions. A primary contradiction is the dual nature of use value and exchange
value, within each node of the system. The secondary contradictions occur between the
nodes and are “the moving force behind disturbances and innovations, and eventually
behind the change and development of the system.” (Engeström, 1993, p. 72). Tertiary
contradictions exist between the object / motive of the dominant form of the central
activity and the object / motive of a culturally more advanced form of the central
activity, and quaternary contradictions exist between the central activity and its
neighbour activities.
I will outline the contradictions I see in the activity system of learning mathematics, by
drawing on the analysis given by Engeström (1987) of the primary contradiction of the
activity of school-going. These are his main points:
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•

Schools became stuck in how to deal with text. For the students, objects and
instruments reverse! Problem solving “for its own sake” independent of solving
real problems from the real world became the norm.

•

The result is that “text becomes a closed world, a dead object cut off from its
living context” (p. 101).

•

Learning the dead text does, however, get rewarded in the getting of marks and
other indications of success.

What parallels to this analysis exist in the situation of university mathematics? Is there a
similar contradiction and source of tension?
At first year undergraduate level, it is the case that students are solving “dead” problems
in the sense that they are learning to reproduce solutions to problems that have already
been solved. Students are used to that, of course, as they arrive at university after twelve
years school learning, with attitudes to learning formed by their experiences at school.
(Crawford et al., 1993, 1994, 1998a, 1998b). The organisation of first year mathematics
teaching at university is likely to continue to give the impression that the learning of
mathematics involves the memorisation of routine procedures to be used to solve
artificial problems. I propose that the following reasons all contribute to this image:
•

The commitment of lecturers to the “long chain” concept: that students need to
learn lots of mathematical techniques that are built up in a hierarchy before they
can actually attempt any “real world” problem solving.

•

The belief of lecturers in the “transmission of culture” aspect of undergraduate
learning. For example, the difficulty of pruning any subjects from a mathematics
degree because “all maths students should learn this… it is part of the culture”.

•

The fact that people tend to repeat the work methods of the past, and teachers in
particular model their teaching on their own experiences as students.

•

The fact that university lecturers are likely to have succeeded under similar
conditions (lectures, exams) in their personal history, and so they value those
activities.
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If we look at the situation in terms of the tools that lecturers use to do their job, we see
that:
•

An important part of the role of lecturers is to assess students. Lecturers find it
easier to set (and mark) closed problems and replication of proofs for timed pen
and paper exams. These can be marked while working at an operational level,
leaving time and energy for research activity that is regarded as more valuable.
Along with the practical issue is the belief held by many lecturers that this kind
of assessment actually indicates how much students do know of useful,
transferable knowledge. This notion has been challenged at the high school level
by the work by Jo Boaler (1999), which demonstrated the limited value for ‘real
world’ problem solving of the kinds of learning identities that are constructed by
learners, even successful learners, in traditional mathematics classrooms.

•

Textbooks are instruments in the activity system of lecturers. Textbooks contain
exercises and it is the accepted practice that being able to “do” these exercises is
an indication of learning. Exams frequently consist of questions identical or very
similar to textbook exercises.

These points all indicate a primary contradiction at the ‘object’ node of the activity
system when viewed from the point of view of students – a tension between activity
oriented towards making personal meaning from the mathematics that is studied, and
activity that is oriented towards gaining marks and progressing through the degree and
gaining entry into the workplace. Of course, the actions performed in the pursuit of both
of these subjective, motivating ‘objects’ may appear to be the same. Students study for
exams but also study for personal understanding. The difference will appear in their
reported personal goals and has been assessed by previous researchers who constructed
questionnaires to elicit opinions about approaches to study. (Biggs, 1987, 1999;
Crawford et al., 1994, 1998a, 1998b).
From the students’ point of view, the findings of Crawford et al. (1998a) as mentioned
in Chapter 2 provide evidence for the dual objects to which Engeström (1987) draws
attention - the object (motive) of making personal mathematical meaning through a deep
approach to study vs. the object (motive) of getting marks. Students adopting deep
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approaches to study
perceive the learning environment as more satisfactory and fulfilling than do
students reporting fragmented conceptions. Moreover, these students achieve at
a higher level in their university study of mathematics than those students
holding fragmented conceptions of mathematics and adopting surface
approaches to learning. (Crawford et al., 1998a, p. 465)
The authors of that study emphasized that their model of student learning was not causal
and deterministic, but instead indicated ongoing interrelationships between prior and
post experiences and understandings, perceptions of mathematics, study approaches,
and the teaching and learning context. The introduction of a new tool into the teaching
and learning context is inevitably going to affect all of these interrelationships.
What kinds of tension can be expected in the activity system when we compare the tools
that mathematicians and other professional users of mathematics actually use in the real
world with the pen and paper technologies of the classroom? Tools and applications are
complex and rapidly changing. There is a tension here between the complexity and
power of these modern tools, the speed with which they evolve, and the stable,
unchanging practice of teaching and learning with paper technologies. This could be
described as a secondary contradiction in Engeström’s (1987) terms, as a new tool sets
up a challenge to the existing object/ motive. Lecturers may use the modern tools such
as CAS for their own research, but they have never learnt first year algebra and calculus
with those tools, so it is difficult or even impossible for them to conceptualise how to
use such tools in their own teaching.
My initial model of the activity system for first year mathematics learning incorporates
these two contradictions and is shown in Figure 3.1. This model will be refined and
elaborated as the analysis of the data collected in this study is presented in the following
chapters.
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MULTIPLE TOOLS:
Tasks, computers and CAS
Secondary contradiction:
New tool challenges views of what
“learning mathematics” is
MULTIPLE
SUBJECTS:
Students,
academic staff,
Their personal
histories

RULES:
Formal and
informal rules

MULTIPLE OBJECTS,
including
“Learning” as interpreted
by each individual.
Inner (primary)
contradiction: working
for marks vs working to
make personal meaning

COMMUNITY:
University and wider
community

MULTIPLE
OBSERVABLE
OUTCOMES:
Formal
assessment
marks
Scores on
scales designed
to assess Deep
and Surface
learning
approaches

DIVISION OF LABOUR:
Responsibilities for
teaching, learning and
assessing

Figure 3.1
Model of the activity system for learning first year university mathematics.
In order to establish the composition of the bottom row in this activity system triangle it
is essential to determine first the nature of the community. The reason that this must be
considered first is that rules and division of labour in the left and right corners of the
triangle represent the mediations: between the community and individual subjects, and
between the community and the object of the activity, respectively. Now students
belong to many communities: at university their immediate circle of friends, the year
group or faculty group; outside university their families and extended families, their
neighbourhoods, even their suburb, state, or country… what community do students
belong to here in the model? It must be the one that generates the activity and is in turn
constituted by the activity. The object of the activity includes the multi-faceted nature of
“learning” as interpreted by each individual; indeed I am proposing that there are
multiple, subjective, motivating ‘objects’. These include “getting marks” and “making
personal understanding”, so the community must include the lecturers and others who
set the rules which define the assessment, as well as the other students in the same class.
Here is something that appears at first as a possible problem with Engeström’s diagram:
any individual student is a member of the community yet the diagram shows them as
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separate nodes. This problem disappears if it is remembered that the diagram is not a
topological representation.
In this model (Figure 3.1), I am not proposing that all students belong to one group all
the time (replicators vs. meaning makers, for example), but that these roles are available
to all students all the time, and that there is a constant tension between these roles.
Engeström attributes this duality to the nature of human activity, in particular primary
contradiction between exchange value and use value. It is likely that other factors such
as time constraints, past experiences, and the extent of interest in any particular task will
influence the positioning that a student decides to take up relative to any particular
context. Engeström (1987) claims “Under the conditions of division of labour, the
individual participates in activities mostly without being fully conscious of their objects
and motives” (p. 66). Students may unthinkingly continue with their previous
behaviours that were successful for them at school. In my model, I am including
responsibilities for teaching learning and assessing as aspects of division of labour. This
node mediates between the community and the ‘object’. If a previously unsuccessful
student decides to take responsibility for their own meaningful learning in order to meet
a particular goal, and if she/he is supported and encouraged in that role, then their
approach to learning may well change from previous patterns.
As shown in Figure 2.2, Engeström (1987) asserts that the community node in the
activity of school going contains a primary contradiction between “Class of separate
individuals vs. Team of inquiry”. Is that the case for the activity system for university
mathematics study? Current practice, with the emphasis on individual achievement in
assessment tasks, would indicate that team work is not often undertaken. We can
understand this from the point of view of the lecturers, many of whom would regard the
credentialing of individuals as an important part of their role. In posing the
contradiction, Engeström highlights the conflict between the student’s role as a mark
getter and the role as a member of a team of meaning makers who share with others and
help each other learn. But are these necessarily mutually exclusive kinds of
communities? The hidden assumption is that competition between students would
encourage them to see working in teams to explore meanings as detrimental to their own
chance of scoring higher marks. Of course this may be the case, but it is an assumption.
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Assessment regimes that encourage working in teams for group assessments may indeed
reduce this primary contradiction, as would the informal social grouping of students
who work together with the aim of understanding rather than competition. For these
reasons, I will adjust my model (Figure 3.1) to include the people in the community
(lecturers and students), and leave it to be determined just how evident is the
contradiction between separate individuals and teams of inquiry that Engeström’s model
shows in Figure 2.2.
The wider community must be included because of their role in establishing the
conditions under which the various objects of the activity are constructed. For example,
when a society values the demonstration of individual competence, the need for
credentialing is established. From another viewpoint and in certain contexts,
credentialing is about gate keeping and the admission or exclusion of people from
particular career paths.
At this stage, it is clear why the relationship between an individual student and the
community is mediated by the formal and informal rules modelled in the corner of the
triangle, as these rules would consist of social structures and the assessment regimes.
Turning to the other corner, what is the division of labour in my model? It is something
that mediates between the community and the ‘object’. To me the appropriate
description is not “isolation vs. cooperation” as Engeström (1987) has it, but something
that more clearly describes who does what and who is responsible for what ‘objects’:
that is why I have labelled it “responsibilities for teaching, learning, and assessing”. I
believe the picture is more complex than may appear, as it is the students’ perceptions
of these responsibilities that will influence their actions. Those who carry with them
from school the notion that it is the teacher’s responsibility to ensure that learning
happens will have quite a different attitude from those students who are already
independent learners. Teachers and lecturers have the responsibility for assessing, and
therefore have an opportunity to influence the approaches to learning taken by students,
who are quick to interpret the strategic benefits offered by various assessment schemes.
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All the components of the activity system mentioned so far are subjective entities.
People subjectively define these components in particular ways to suit their own
purposes and to align with their beliefs. The staff and students in the activity of learning
mathematics also subjectively define their Activity5. People form their own goals and
act in ways that are mediated by their own choice of tools. They have subjective views
of the community and of the rules and division of labour. As I develop my model, I am
gaining second-order perspectives as I ask the participants to comment on their
experiences (Marton & Booth, 1997).
The Activity of activity systems is cyclic in time, not linear. The results of being
engaged in the activity change the subjects themselves. This means that one of the
results of any Activity is change to the activity system. Considering the activity system
again at another “snapshot” of time as it evolves would reveal such changes. However
there are observable outcomes of the activity system, even “products” of the activity
that are tangible and accessible to observers. These emerge in a linear fashion and can
be interpreted and used by people outside the system. They can include the judgements
made by the teaching staff in the form of assessment marks that are used by the
institution as the basis of grades. Another observable outcome of this study is the set of
student responses to questionnaire items about approaches to learning. The responses
are indicators of the state of consciousness of the students on the day they were
surveyed. In this study, I have chosen to use the scale results as a tool in my research to
investigate the contrast between surface learning of fragments vs. deep learning of
connected concepts. According to activity theory, data of this kind is always an
ephemeral outcome that becomes a tool for interpretation by researchers long after the
subjects have changed their Activity.
Now I will turn to the parts of this activity system, focussing on the experiences of the
students, that are most pertinent to the role of the CAS Mathematica. This will mainly
involve the top of the triangle. I believe that the key to understanding the system is

5

As mentioned in Chapter 2, the capital A in Activity is sometimes used to emphasis the difference
between Activity in Activity Theory (incorporating meaningful engagement) and the everyday western
use of the word. In general I follow the more recent usage of lower case, especially in the term activity
theory, but on occasions where the distinction is important I use the capital A.
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again the nature of the object, or the “subjective motivating object”6. It would be
expected that students aiming for marks with the least effort would engage in a different
way with the software from the way that others might who are aiming for a deeper
understanding of the tool’s capabilities because they anticipate that it may be useful to
them in their mathematical studies. Also important will be the students’ past
experiences with computers, as suggested by the research by Galbraith and Haines and
colleagues (Galbraith & Haines, 1998, 2000; Galbraith, Haines & Pemberton, 1999;
Galbraith, Pemberton, & Cretchley, 2001; Galbraith et al., 1999) reviewed in Chapter 2.
Using the research data collected to tease out the interplay between these two factors
will be an important task for this project. One possibility consistent with the theory is
that a previous background with computers would make it possible to work with the
computer at the level of operations rather than actions regardless of the motivating
object. It might be speculated that such a situation reduces cognitive load and allows
students to focus on the conceptual side of the mathematics. A first step will be to
identify from grounded data, the range of outcomes that students describe regarding the
software. All of this leads us to the model shown in 3.2, for the role of CAS within the
activity system of Figure 3.1, focussing on the experiences of the students. The broken
borders indicate constructs.

6

I am using this clumsy term to avoid giving the impression that the ‘object’ is a ‘thing’, and to
emphasise its subjective nature. As described earlier, people form their own image of the object, and their
activity is guided by their personal image. Where necessary I will put ‘object’ in single quotes to
emphasise that I am using the word in a specific way.
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Multiple tools
including the
CAS and related
artefacts
Personal
culturalhistorical
backgrounds.
Recent
experiences
with the CAS.

Multiple subjective
motivating objects,
including getting
marks, gaining
personal
understanding and
skills.

Tool

Multiple
Outcomes,
including:

Formal assessment results,
and other evaluations by
lecturers

Student

Object
Surface learning of
fragments vs deep learning
of connected concepts

Figure 3.2
A model for the role of Computer Algebra Systems within the Activity System
of learning First Year Mathematics, from the students’ perspective. Dashed lines
in borders indicate constructs.

82

CHAPTER 3

Refining the research questions
At this stage, the broad questions listed at the end of Chapter 2 can be refined in the
light of the models above, the epistemological and ethical stance of Chapter 1 (with my
intention to use local, grounded data and to listen to student voices), and the practical
considerations of planning a research study.
1. How do students in a particular context respond to their initial experience with a
computer algebra system as part of their first year mathematics subjects? What is
the range of experiences and conceptions of the CAS?
2. What relationships exist between aspects of students’ personal histories, their
goals for mathematical learning, and their recent experiences with the CAS?
3. In a particular case in a particular setting,
(a) how do academics see their role in the introduction of CAS into mathematics
teaching?
(b) what possibilities and constraints do they identify?
(c) how do these conceptions help to shape the rest of the activity system?
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CHAPTER 4
RESEARCH METHODOLOGY AND THE DESIGN OF THE STUDY

Introduction
The previous chapter explained the theoretical framework for my research and
concluded with my research questions. These questions are focussed on the people in
the activity system and their actions. In this chapter, I explain the reasons for my choice
of research method (survey and interviews) and how I planned to analyse the data using
a method inspired by phenomenography. I provide here a brief review of studies in that
research tradition, including an outline of its theoretical base and the main findings
about student conceptions of learning.
Overall design – reasons for the choices
In Chapter 1, my choice of research paradigm and the consequences for my choice of
methodology were outlined. My selection of research methods allows the following
features for my research project:
•

the voices of the participants will be heard

•

grounded theory will be used, allowing categories to arise from the data
rather than being imposed on it (Glaser & Strauss, 1967)

•

consistency with a social constructionist epistemology will be
maintained

•

a concern for reflexivity will be evident.

In addition, I have shown through the review of literature in Chapter 2 that I am aware
that this project does not stand alone, but includes a critique of earlier research, and, it is
hoped, adds significant findings to that body of research. The chosen methods also:
•

allow links to previous relevant research to be made.

These choices are consistent with the research approach known as Phenomenography,
which is reviewed in this chapter. In addition, a survey approach with questions derived
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from previous responses to open-ended questions will be used. Responses to some of
the survey questions will allow comparisons with previous studies, and other questions
will be open-ended. To ensure that the participants’ voices are heard, interviews with
students and lecturers will be used. Further details about the survey and the interviews
are given later in the chapter.
Phenomenography
It has been argued in earlier chapters that the information processing view of learning
and thinking is inadequate for describing many of the complexities of learning, in that it
excludes consideration of the setting of learning experiences: the relations between
students and the context of their learning, both physical and personal. In my study, the
physical context includes the computer technology used by the students in their
completion of assignments, with all the opportunities and constraints presented by the
hardware and software. The personal setting includes the constant interplay between a
student’s personal socio-cultural history, their views of the subject, their perceptions of
what is required of them in any particular learning task, and the individual’s formation
of goals. Of course, the question that arises immediately is how any researcher might
access these other psychological and personal features of the learning situation. For
example, is it possible to gain information about a student’s attitudes to mathematics
and how these influence their current work?
Ference Marton, the founder of the phenomenographic method, differentiates between
perspectives in a way that is useful here (1981, p.177). Marton distinguishes between
the first-order perspective, in which the aim is the description of various aspects of the
world, and the second-order perspective, which aims at describing people’s experiences
of various aspects of the world.
This focussing on conceptions of specific aspects of reality, i.e., on apprehended
(perceived, conceptualized or “lived”) contents of thought or experience, as a
point of departure for carrying out research, and as a base for integrating the
findings, is in fact the most distinctive feature of the domain labelled
“phenomenography” (Marton, 1981, p. 189)
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The aim of traditional phenomenographic research is not to categorise people in terms
of their possessing or not possessing certain concepts or skills, but instead to discover
categories of description for the conceptions people have about perceived phenomena,
the content that is studied, and about learning situations.
Researchers using a phenomenographic approach have described various aspects of
learning at University level. The earlier studies from the seventies, reviewed by
Dahlgren (1984), were largely based on text reading experiments. In these cases, the
categories of description that arose from an analysis of the students’ answers were
considered significant because “in each case, the outcome does not amount to the
retention or non-retention of a disembodied fact which has no meaning beyond itself.
Instead, the phenomenon is invested with a specific meaning that both reflects and
colours how the phenomenon is thought about” (p. 31). In my study, it is exactly this
kind of range of qualitatively different conceptions of mathematical phenomena including computer tools - and the perceptions of students about learning tasks that are
to be investigated, making the phenomenographic approach an appropriate choice.
A survey of relevant publications by researchers using a phenomenographic approach
shows how it has broadened and deepened. Among earlier work as reported in the first
edition of The Experience of Learning (Marton, Hounsell, & Entwistle, 1984), is a
chapter which identifies and describes deep (searching for meaning) and surface
(focussing on the text itself) approaches to learning (Marton & Saljo, 1984). This
categorising was achieved through the iterative and interpretive analysis of students’
answers to interview questions. The students’ intentions as they undertook various
learning tasks were found to be related to the outcomes of learning, with those adopting
a deep approach more likely to gain a satisfactory understanding of the text. These
intentions differed as students’ interpretations of what was being demanded of them
differed. In some cases, it was found that “the perceived demands become so
predictable that students believe they can handle them through a very shallow
interaction with the text. They simply use their knowledge about what is going to
happen later to economize on their efforts” (Marton & Saljo, 1984, p. 50).

86

CHAPTER 4

Besides the deep and surface categories of approaches to learning, related to students’
intentions, phenomenographic methods have been used to identify the variety of
conceptions that students hold about learning itself. These conceptions appear to form
an inclusive hierarchy, with later categories including elements of previous ones. The
results of several studies are described by Marton, Dall’Alba, and Beaty (1993), who
conclude that five types of concepts of learning are well-established. They list these as
(p. 277):
1. The increase of knowledge
2. Memorizing
3. Acquisition of facts, procedures etc which can be retained and/or utilized in
practice
4. Abstraction of meaning
5. An interpretative process aimed at the understanding of reality.
Phenomenography has expanded in the scope of the disciplines to which it has been
applied. Other researchers have found similar hierarchical lists of student conceptions of
learning within subject domains: for example, Mathematics (Crawford et al., 1993), and
Physics (Prosser, 1994b). Prosser, Trigwell, and Taylor (1994) address a different issue,
and use phenomenographic methods to investigate the conceptions of learning and
teaching held by twenty-four teachers in university chemistry and physics departments.
They found parallels to the list above except for the first two categories, which were not
evident. Within science education, phenomenographic methods were used to study
learning in the topics of electricity (Prosser, 1994a), mechanics (Prosser, 1993), and the
“Mole Concept” in chemistry (Lybeck, Marton, Strömdahl, & Tullberg, 1988). The
phenomenographic method has been used to map students’ concepts for particular
topics within school and university courses. For example three studies within
mathematics education are concerned with mathematical functions (Crawford, 1994),
division (Marton & Neuman, 1996), and statistics (Petocz and Reid, 2001). Anders
Berglund (2002) used phenomenography to investigate students’ understanding of
distributed computer systems and real-time programming.
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Once a map of the hierarchy of related concepts has been constructed, a logical next
step is to describe “Learning” as an advance from limited conceptions to more powerful
ones, i.e., towards conceptions that are currently adopted within the disciplines to
describe phenomena in the world. This is proposed by Johansson, Marton, and
Svensson (1985). While it may not be possible to implement this as a classroom
strategy, given the time required for phenomenographic interviews and analysis, it may
be a useful way to evaluate innovations in teaching and curriculum. Successful teachers
are aware of indications of students’ conceptions and misconceptions, and are able to
diagnose and respond to these. More information about the range of conceptions that
students have can provide teachers with wider diagnostic skills (Ramsden, Masters,
Stephano, Walsh, Martin, Laurillard, & Marton, 1993).
The theoretical development of phenomenography can be illustrated by returning to the
1993 report of Marton, Dall’Alba and Beaty, and the five types of concepts of learning.
The authors describe a longitudinal study that began with twenty-nine students at the
Open University in the United Kingdom, and involved interviews concerning various
topics over six years. Among the results is an expanded list of concepts of learning, and
more detailed descriptions of each of the categories including considerations of the
structural and referential aspects of the conceptions. The structural aspect concerns the
way that a phenomenon (in this case, learning) is delimited from its context,
establishing an external horizon, and also how parts of the phenomenon are
distinguished and related, establishing an internal horizon. The referential aspect is
concerned with the meaning of the phenomenon to the perceiver. The concepts of
learning are expanded to (Marton et al., p. 297):
A. Increasing one’s knowledge
B. Memorizing and reproducing
C. Applying
D. Understanding
E. Seeing something in a different way
F. Changing as a person.
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This example shows how phenomenography has developed: from an empirical base to
an expanding body of theory. An essential character of a phenomenographic approach is
that the theory remains descriptive, not attempting to assign causes. It is the
qualitatively different understandings and experiences that people have about
phenomena that are of interest (Dall’Alba, 1994). This raises ontological questions
about the nature of experiences. The philosophical foundations of the methodology are
described by Marton (1994), Marton and Neuman (1996) and Ramsden, et al., (1993).
The ontological question of what it is that is being researched is answered by a
comparison with the dualistic approach adopted by cognitive science: that object and
subject are separate. Phenomenography is emphatically non-dualistic: “the subject’s
experience of the object is a relation between the two” (Marton, 1994, p. 91). On this
basis rest the features of phenomenographic research (Dall’Alba 1994): that the
descriptions of phenomenographic research are relational (focussed on the relations
between who is doing the perceiving and what is being perceived), experiential (based
on the experiences of individuals), qualitative, and content-oriented (which would, for
example, distinguish it from a theory such as the SOLO Taxonomy (Biggs & Collis,
1982), although Prosser (1994a) has drawn analogies.)
Svensson (1994) gives further insights into the theoretical foundations of
phenomenographic research, by making the point that phenomenography emerged as an
empirical research tradition, not as a system of philosophical assumptions nor derived
from such a system. “It represents a reaction against, and an alternative to, the then
dominant tradition of positivistic, behaviouristic and quantitative research” (p. 20). He
gives more background to the non-dualistic ontological stance described in the previous
paragraph, extending it to epistemological considerations:
The assumptions about the nature of conceptions made are closely related to
assumptions about the nature of knowledge and thinking. First knowledge is
assumed to be based on thinking. It is seen as created through human thinking and
human activity. However, knowledge is also seen as dependent upon the world or
reality external to the individual and external to human activity and thinking, that
which the activity and thinking is directed towards. The most fundamental
assumption is that knowledge and conceptions have a relational nature.
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Conceptions are dependent both on human activity and the world or reality
external to any individual. The position taken differs from empiristic and
positivistic assumptions about observations as facts, and knowledge as inductively
based on facts. It also differs from rationalistic, mentalistic and constructivistic
assumptions about knowledge as rational or mental constructions within a more or
less closed rational and/or mental system. Thus the view of knowledge is that it is
relational, not only empirical or rational, but created through thinking about
external reality. (Svensson, 1994, p.14)
This emphasis on knowledge as a human construction, created through activity, and as
relational, i.e., about something, reveals the links between the phenomenographic
tradition and the views of learning that were described as “participatory” in Chapter 2.
There are parallels with activity theory. The non-dualistic view of experience shows
links with the viewpoint of monism, the unity of mind and body, identified by McLeish
(1975) as an essential feature of Soviet Psychology and traced by him through the
works of Marx and Engels back to the radical intelligentsia of the nineteenth century.
It is my position that phenomenography, on its own, is not a sufficient basis for a theory
of learning. I believe it may help to create snapshots of the range of conceptions of
learning processes, or of socially constructed bodies of knowledge, but it does not on its
own begin to account for the dynamic of learning – why students decide to become
engaged (or not) with the activities and tasks that are planned for them by their teachers
or lecturers. The reasons that educators have for designing learning activities and
assessments could be investigated through a phenomenographic study, but the dynamic
of change in a system of learning and teaching would, I believe, need to be described
from another theoretical framework, which is why I have chosen activity theory and
activity systems as a framework for describing the larger picture.
In my study, I needed a way to describe students’ engagement with their mathematical
learning, and their reasons for that, since goal directedness is an essential part of
activity theory. I used an approach inspired by phenomenography to construct a range
of categories of conceptions about personal experiences of learning mathematics and
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related goals and intentions. I called these categories of engagement in mathematical
learning, and their construction is described in the following chapter.
In the remainder of this chapter I outline the design of the study, including descriptions
of the data collected from students, the way the survey was constructed, and the
methods used to carry out the data collection.
Summary of my research design
Table 4.1 shows the overall plan for the study: the research questions, the participants,
the data to be collected, and the methods of analysis. The survey was given out in first
year mathematics classes at the beginning of the second semester, and asked students to
reflect on their first semester experiences.
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Table 4.1
Summary of the data collected and the plan for analysis
Research
question

Participants
and
selection

1. How do students
respond to their
initial experience
with a computer
algebra system as
part of their first
year mathematics
subjects?

Volunteers from
students in first
year
mathematics
subjects at UTS

Data to be
collected
(a) Survey
consisting of
three
questionnaires

(a) Descriptive statistics for
each item and certain
subscales, correlations
between items and
subscales, principle
component analysis.

(b) (i) Several openended questions

(b) Identification of comments
related to the patterns
emerging from (a), looking
for consistent and also
alternative points of view

(ii) Interviews
with several
volunteers

2. What relationships
exist between (i)
aspects of students’
personal histories,
(ii) their goals for
mathematical
learning, and (iii) the
responses identified
in Question 1?

3. In a particular
case in a particular
setting, how do
lecturers see their
role in the
introduction of CAS
into mathematics
teaching? What
possibilities and
constraints do they
identify? How do
these conceptions
shape the test of the
activity system?

As above

(a) Biographical data
and formal
assessment
results

(b) Responses to
three open-ended
questions about
learning
approaches and
goals
Two lecturers
chosen from
several
volunteers,
chosen for
comparison of
experience with
mathematical
computing and
involvement
with production
of teaching
resources.

Method of analysis for
each category of data.

Case studies –
Interviews with two
lecturers

(a) Graphical display of
statistics (boxplots) by
categories, and a case
study for the subject with
the best response rate
(b) Collaborative and iterative
establishing of categories,
inspired by
phenomenography
(c) Statistical methods as
appropriate
Interrogation of the data
from an activity theory
perspective
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Construction of the survey
A copy of the final survey is attached in Appendix A. The data collected consisted of
biographical information, questions about conceptions of learning mathematics, and
three questionnaires:
Conceptions of Mathematics Questionnaire (CMQ)
Study Process Questionnaire (SPQ)7
First Experiences of Mathematica Questionnaire. (MEQ)
At the end of the survey there were two open-ended questions asking the student to
reflect on and then write about their overall experience of Mathematica. There was also
a printed request asking for voluntary participation in the interview stage of the project.
Biographical information and Ethics considerations
The categories of data collected under this heading are shown in Table 4.2. Because the
participants provided their student numbers, assessment data obtained from the subject
co-ordinators could be linked to responses to the questionnaires. The collection of
personal information requires procedures to protect the anonymity of the participants.
Choosing not to participate was respected, and in case students felt embarrassed about
this, the surveys were collected in envelopes so that staff and other students could not
identify those who had chosen not to participate. Students were not asked for their
names. After recording a case number on relevant parts, the front page of the returned
surveys was removed before the responses were coded. For the remainder of the data
analysis, completed surveys were referred to by their case number, not the student
number. This included identifying the data in spreadsheets and SPSS files used for data
analysis.
Table 4.2 shows the categories of biographical data collected:

7

The questions are from the Approaches to Study Questionnaire (Crawford et al., 1998a), based on the
Study Process Questionnaire (Biggs, 1987).
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Table 4.2
Biographical data about each student collected in the survey.
•
•
•
•
•
•

•
•

Student number
Age
Male/Female
Language spoken most of the time at home
Course enrolled in at UTS
Whether the student studied for the NSW Higher School Certificate (HSC) in
1998, the year prior to the data collection. (A yes/no response, and if
“no”, a follow up question about the highest level of mathematics
studied.)
Relevant mathematics subject
Questions about computing background:
Access to computer at home (yes / no)
Whether or not the student regarded themselves as competent users of
- Spreadsheets
- Word Processing
- Mathematical Software
An overall rating: “Overall, how would you rate your own computing
background and experience? – Very limited / adequate for my study
needs / more than adequate for my study needs / extensive”.

Open-ended questions about Conceptions of Learning Mathematics
Many questionnaires about approaches to study in mathematics have been designed and
used for research. However, I found that the major element in activity theory, creating
personal goals from a motivating ‘object’ was not adequately addressed in such
questionnaires. In activity theory, the main units of analysis are actions, directed
towards goals, mediated by tools and instruments, and taking place in physical and
social contexts. The goals motivate and help to sustain the actions. In choosing to
construct an activity system model for learning in first year mathematics, I needed to
find out what actions the students themselves undertake, and why. Table 4.3 shows the
open-ended questions about conceptions of learning mathematics that were used in the
survey to investigate students’ actions and their reasons for them. An iterative method
inspired by phenomenography was used to construct categories of engagement in
learning mathematics from the responses to these questions. That analysis, and the
results, are described in Chapter 5.
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Table 4.3
Open-ended questions about students’ approaches to learning mathematics.
Question 1: How do you usually go about learning some maths? (It may help to
think about some maths you understood really well. How did you
go about learning that?)
Question 2: Regarding your answer to question 1, why did you choose those
methods?
Question 3: What do you think is needed to be successful at learning
mathematics?
The first of these open-ended questions was modelled on the questions reported in
Crawford et al. (1994). In my research the aim was to find out what students said they
did in their study of mathematics, and what that revealed about their history of the
experience of learning in mathematics. It was anticipated that the answers to Question 2
would reveal that students had adopted a method that worked for them in the past. It
was also hoped that some students would reflect a little on their reasons for choosing
various methods, and indicate something of their motivations in their answer to
Question 2. For example, a range was expected from “That is how I did it at school” to
“I really need to understand what I do, so that is why I use these methods.” The third
question was an attempt to find out about students’ goals and motivations. The students
in the study had all been successful (to varying degrees, of course) in their previous
studies of mathematics, since it was a prerequisite of their enrolment, so it was
presumed that their replies would be about genuine experiences they had had, as well as
about their current situation in university mathematics subjects.
Conceptions of Mathematics Questionnaire and Study Process Questionnaire
The Conceptions of Mathematics Questionnaire was developed by Crawford, Gordon,
Nicholas and Prosser from results obtained in a phenomenographic study (Crawford et
al., 1994, 1998b). It consists of two subscales, a Cohesive Conceptions subscale and a
Fragmented Conceptions subscale as described in Chapter 2. The Study Process
Questionnaire was the questionnaire used in the work by Crawford et al. (1998a), which
in turn was based on the Study Process Questionnaire of Biggs (1987). I incorporated
these in the survey to provide an anchor point to connect my research to published
work. I expected to find correspondences between categories of engagement in learning
mathematics, and the results of these two questionnaires.
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First Experiences of Mathematica Questionnaire
One of the guiding principles of my project was to give a voice to students. The data
collection was designed to ensure that this happened, and that survey and interview
questions answered by students should, as far as possible, reflect concerns that they had
identified as important to them. For this reason, the source of many of the survey
questions was a set of anonymous written responses to the question: “Overall, how
would you describe your experiences with Mathematica?” which was posed to students
in a class of about 120 first year science students as part of the subject evaluation at the
end of first (Autumn) semester, 1999. One consequence of this was that several
questions in the survey were asked in the negative, e.g., “For me, using Mathematica
was very frustrating most of the time”, as that was the kind of statement made in the
original data collection. Other questions were inspired by the work of Kissane, Kemp
and Bradley (1995), who identified metaphors for graphing calculators used by students
of first year mathematics. For example, “Mathematica was an invaluable aid to my
learning of mathematical concepts” (the laboratory metaphor), and “I resent the time
taken on Mathematica assignments” (the nuisance metaphor). Some questions about
hardware conditions (for example, “I had difficulty using the printer” were included at
the request of the lecturers co-ordinating the classes. To record their responses to each
item on the MEQ, students were requested to mark a position on a line that was about
4 cm long, with “Disagree” on the left and “Agree” on the right. When measured in
millimetres, this gave a measure for each item from zero to 41 on a notionally
continuous scale.
Two open-ended questions about Mathematica
To allow for the collection of opinions that may not have been captured by the
questionnaire, and to draw out reflections and personal experiences, two open-ended
questions were posed at the end of the MEQ:
“Overall, how would you describe your experiences with Mathematica in your
first semester?”
“What do you think UTS staff could do to improve your experiences of learning
mathematics with Mathematica?”
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It was anticipated that individual responses to these questions could be used as a check
on conclusions drawn from the other items.
Choosing students for the survey
The students in my study were first year mathematics students at a metropolitan
university in a large city in Australia. Ethics clearance was obtained. I work at this
university as a lecturer in the mathematics department. This had the advantages of ready
site access and access to students, and familiarity with the context. Another advantage
was the support I gained from colleagues, who were keen to find out what students
thought of CAS and the way we were introducing it into our classes. The main
disadvantage is the possibility, even inevitability, of bias in reporting results. The target
population for the survey consisted of all students enrolled in three different first year,
first semester mathematics subjects. They will be referred to as Subject 1 (for students
majoring in mathematics, about 80 in this class), Subject 2 (for students in physical
science courses, about 110), and Subject 3 (for students in engineering courses, about
400). Table 4.4 indicates the distribution of participating students among those subjects.
Table 4.4
Students who returned usable surveys, by subject and degree course.
Subject

Course
Cross Institutional
B Maths
B Maths & Finance
B Maths BA Int Studies
B math Fin BA Int
Studies
B Math Computing
B Sci and Sci Ed
B Sci BA Int Studies
B Bus B Science
Forensic Science
Applied Chemistry
Materials Science
Applied Physics
B Eng
B Eng BA Int Studies
B Eng B Bus
Civil Eng
TOTALS

Subject 1

Subject 2

Mathematics 1

Science
students

Subject 3

Engineering
Semester 1

Engineering
Semester 2

24

9
1

1
21
27
3
3
1
1
2
1
5
8
1
3

1
56

21

25

1
11
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Subject 1, Mathematics 1: This is the main first year, first semester, calculus subject
taken by students enrolled in several different degree courses, including double degrees
in International Studies as shown in Table 4.4. The content of the subject is described in
the relevant university handbook as follows:
Matrices and determinants; solution of linear equations; Gaussian reduction.
Eigenvalues and eigenvectors. Vectors: products of vectors, equations of lines
and planes. Complex numbers: polar form, de Moivre’s Theorem. Limits,
continuity and differentiation. Mean value theorem. Curve sketching. Related
rates. Maxima and minima. Integration. Riemann sums: fundamental theorem of
calculus; application to areas and volumes and to lenghts of curves. Logarithm
and exponential functions. Trigonometric and hyperbolic functions; inverse
trigonometric and hyperbolic functions. L’Hôpital’s rule. (UTS Faculty of
Mathematical and Computing Sciences, 1999, p. 112)
In this subject, the Mathematica component consisted of a weekly one-hour laboratory
in which students were expected to read descriptive text which described a
mathematical problem and the syntax of commands to be used with Mathematica to
solve the problem, and to type into the computer a given set of commands. For example,
in the “Tower of Terror” exercises the students worked with data in the form of times
and heights of a carriage in a theme park ride. They were shown how to find velocities
for time intervals of one second using both forward and backward differences, and how
to plot the velocity data leading to a linear model of velocity in the absence of resistance
to the motion. This lead to a model of constant acceleration and then to the solution in
terms of a formula for height as a function of time. The exercise was then repeated for
data that indicated resistance due to friction was present. Appendix L contains sample
pages of the work, indicating the exact requirements for student activity.
The students worked individually or in pairs, as they wished, and there was an
attendance mark each week contributing 10% in total of their final mark for the subject.
There was also an assignment, again 10% of the final mark, to be completed by using
Mathematica. The students also attended another weekly one hour tutorial session to
work on pen and paper exercises related to the material in lectures.
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Subject 2, Science Students: This subject has been tailored to complement the physics
and to some extent the chemistry topics studied by the science students at the university.
It shares the same text book as the engineering mathematics subject (subject 3). The
handbook description is as follows:
Functions and their relationship to scientific experiments. Differentiability.
Differential equations arising from scientific problems. Solution by series.
Radioactive decay and exponential functions. Oscillatory motion and
trigonometric functions. Integration. The logarithm function. Inverse functions.
Inverse trigonometric functions. Solution of differential equations by integration
and inverse functions. The computer algebra system Mathematica will be used
for symbolic, graphical and numerical computations. (UTS Faculty of Science
Handbook 1998, p. 169)
In this subject, the Mathematica component consisted of a weekly one-hour laboratory
in which students were expected both to practice pen and paper exercises and also to
complete a small number of related Mathematica tasks. This combined tutorial / lab was
different from the arrangement for Subject 1. The work was handed in each week to be
marked and contributed 15% to the final result for the subject. In Appendix L, an
example of the mathematical tasks is given – it is the lab for the fifth week and students
are asked to find turning points and points of inflection for certain classes of functions,
first by pen and paper and then using Mathematica. This approach introduced students
to the use of the software as a checking tool.
Subject 3, Engineering students: Students in both these groups studied the same subject.
Subject 3 was the large first semester class (approximately 400 students), and when the
return rate of surveys was so low, (only 25 completed surveys received), it was decided
to include in the survey students who were taking the same subject in second semester.
The handbook description for this subject is:
This subject will develop all the standard ideas of single variable calculus, but
will use specific physical models to provide a context for the mathematical
concepts. The material will appear for different purposes and in a different order
to standard presentations. There are ties to experiments done in basic physics
subjects to further reinforce the relevance of the mathematical concepts. (UTS
Faculty of Science Handbook, 1998, p. 168)
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The Mathematica component for Subject 3 was very similar to Subject 1 in content. In
timing the difference was that the large number of tutorial groups in this subject
required a scheduled rotation through the labs and each group only spent three tutorials
in the Mathematica labs.
Conducting the survey
The appropriate ethics approvals were obtained and all participants signed appropriate
consent forms. A sample of the consent form is given in Appendix B.
The surveys were distributed in classes at the beginning of the second semester in the
year, but only for Subject 1 were the students allowed class time to complete the
surveys. The numbers of surveys returned were 60, 22, and 26 for each of the subjects
respectively. For Subject 3 the number of returns was then increased by 12 to 38 by
distributing surveys to students who enrolled in that subject in second semester. After
checking for quality of responses it was decided to use only 56, 21, and 36 completed
surveys from each class respectively. (Some students filled in all questions but omitted
their student number, which made it impossible to find data about their results.) The low
response rates for Subjects 2 and 3 must of course be taken into consideration in the
interpretation of results.
The interviews with students
In order to illustrate the issues that emerged from the survey data, and to check that my
interpretations were aligned with student opinions, semi-structured interviews were
carried out with a small practical sample of seven students chosen from many
volunteers. Where possible students with a variety of backgrounds were chosen. Two of
these (S1 and S2 in the table below) were members of the cohort that completed the
survey. All seven students had had similar introductions to the CAS in their first year
subjects. Clearly this set of data is not a representative set of thoughts and opinions of
the whole cohort, and this has implications for the analysis of the interview data. Instead
of a content analysis, sifting through the data to create new categories, I decided to
regard the interview data as a purposively collected set of conversations with students.
Then at appropriate stages of the analysis of the survey data I planned to interrogate the
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interview data, looking for statements that confirmed or challenged any conclusions I
had drawn from the surveys.
Table 4.5
Summary of students who were interviewed.
Code

M/
F

Age

Computing
experience

Home
Language

Recent
School
Leaver?

Notes

S1

M

42

Low

English

No

S2

M

19

Low

Vietnamese

Y

S3

F

22

High

English

N

S4

M

19

Low

Cantonese

Y

S5

M

20

High

English

Y

S6

M

39

High
(Extensive)

English

N

S7

F

23

Low

Cantonese

N

A reflective student who planned his study time
carefully.
This student was surprised by the extensive use
of computers in mathematics subjects at
university. He arranged to get help from friends
at home.
This student was excluded from the
(quantitative) data set as she did not do Maths 1
with the target cohort. High achiever in
mathematics subjects.
Local student with a high level of Secondary
School mathematics.
This student was pleased to learn about
applications of mathematics through the CAS
labs, and made his own experiments in the labs.
A mature age student with a strong
programming background. He had a personal
interest in statistics, which he had used in his
work.
An international student.

Reflections on the choices made for the research design
My chief reservation about the design is the weakness in the selection of students for
interview. Although the information obtained from the interviews is rich and gives
useful insights about the students’ experiences with the use of the CAS in first year
mathematics subjects, and their observations about other students, it cannot be relied
upon as being representative of the participants who completed the survey.
Another reservation concerns the low participation numbers for the survey in Subjects 2
and 3, relative to the sizes of the enrolments in those subjects. For these reasons, any
conclusions drawn from this study need to be regarded in their original case-study
context.
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The model and the data
Figure 4.1 has been developed from Figure 3.3. It shows part of the activity system for
learning mathematics at first year university, focussing on the experiences of the
students. Note that students (and staff) all have personal cultural-historical histories.
They have multiple ‘objects’ that are motivating ‘objects’, not physical things. At any
time the images of these ‘objects’ are being formed and reformed, and in the process,
people create their personal goals for actions. “Then the activity of the subject is no
longer guided by the object itself, but by its image. The generation of an image is seen
not as a unilateral process of the object’s acting upon the subject, but as a bilateral
process” (Davydov, Zinchenko, & Talyzina, 1983, p. 32, original emphasis).
Being reflexive
The model itself is a construction, a research tool. It highlights how the data collected
are related to activity theory and suggests relationships in that data. The ‘objects’ of the
students in learning mathematics will be an interpretation of their responses to openended questions in the survey. This interpretation is concerned with students’ selfreports about how they study mathematics and their conceptions of what is required to
be successful in learning mathematics. Duit (1995, p. 282) points out that “…what are
called students’ conceptions in the literature are the researchers’ conceptions of the
students’ conceptions” (original emphasis). In the following chapter I carefully explain
the process through which the categories of engagement in mathematical learning were
constructed. My aim in doing so is to highlight the fact that these are researchers’
conceptions.
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Interviews with lecturers,
course documents etc

Personal
culturalhistorical
backgrounds.
Recent
experiences
with the CAS

Multiple tools
including the CAS
and related
artefacts

Tools

Multiple
subjective
motivating
objects,
including
getting marks,
gaining
personal
understanding

Multiple Outcomes,
including:

Formal assessment results,
and other evaluations by
lecturers

Students

Objects
Surface learning of
fragments vs deep learning
of connected concepts

Biographical
data as listed in
Table 4.2
Open-ended
questions about
CAS experience,
Mathematica
Experience
Questionnaire

Responses to open ended
questions about study
methods and choices,
leading to Categories of
Engagement in
Mathematical Learning;
Interview data

Assessment marks,
Responses to the Study Process
Questionnaire and the
Conceptions of Mathematics
Questionnaire;
Interview data (students and
lecturers)

Figure 4.1.
Model of part of the activity system for learning mathematics in a CAS
environment, showing relevant data from this study. Broken borders indicate
constructs. The four grey boxes indicate the data to be collected.
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CHAPTER 5
STUDENTS DESCRIBE HOW THEY LEARN MATHEMATICS
Introduction
This chapter begins with a brief report on the results of each of the Conceptions of
Mathematics and Study Process Questionnaires. This is followed by a description of
how new Categories of engagement in mathematical learning were constructed from the
responses to the open-ended survey questions about methods of study in mathematics.
An approach inspired by the systematic, collaborative interpretations of the
phenomenographic method was used to construct the categories. When the distribution
of students into the categories was investigated, it was found that gender, level of
mathematics study at high school, computing background, and language background
were not related to the categories. Except for the construct “fragmented conception of
mathematics”, the relationships between Categories of engagement in mathematical
learning and the constructs relating to deep and surface learning found in the studies by
Crawford et al. (1994, 1998a, 1998b), were in the expected directions.
Conceptions of Mathematics Questionnaire, and the Study Process Questionnaire
These questionnaires were described in Chapter 2. The scores on the subscales of the
Conceptions of Mathematics questionnaire were similar to those reported by Crawford
et al (1998b) in a study involving 300 students in Sydney and replicated by Alkhateeb
(2001) in the USA. The correlations between the subscale scores on both questionnaires
were similar to those reported in the study by Crawford et al (1998b). Cohesive
conceptions of mathematics were positively correlated with deep approaches to study
and negatively correlated with surface approaches to study; while fragmented
conceptions of mathematics were positively correlated with surface approaches to study
and negatively correlated with deep approaches to study. Details appear in Appendix K.
The open-ended questions about conceptions of learning mathematics, and how the
responses were analysed
As described in Chapter 2, actions and operations are fundamental units of analysis in
activity theory. An activity (motivated by an object) can be regarded as consisting of
creatively constructed actions and more habitual operations that are directed towards
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goals, which are in turn constructed by individuals for themselves as they interpret the
requirements of the activity. Actions are consciously performed while operations are
often highly automated and performed without conscious awareness. In formal
education, in traditional transmissive teaching and assessing practices, a fundamental
contradiction exists between the immediate goal of gaining assessment marks, and a
goal with longer term benefits: gaining personal understanding. However, the situation
is not as simple as a choice between two goals, since physical and social contexts
intervene. I wanted to be able to describe the range of actions and goals reported by this
particular group of students, the participants in my study.
The responses to the following three open-ended questions in the survey were analysed
to gain an idea of the students’ actions and goals in learning mathematics:
1.

How do you usually go about learning some maths? It may help to think about some maths you
understood really well. How did you go about learning that?

2.

Regarding your answer to question 1, why did you choose those methods?

3.

What do you think is needed to be successful at learning mathematics?

The first of these questions addresses the awareness of each individual about their
previous experience in learning mathematics and their actions and operations, and is
similar to the questions posed to 300 first year university students of mathematics by
Crawford, Gordon, Nicholas and Prosser (1994). The second question attempts to find
the source (cultural historical origins) of beliefs about learning, whilst the third question
aims to find out about personal goals. I made the assumption that the responses to these
three questions, taken as a whole, indicate the subjective motivating ‘object’ of a
students’ activity in learning mathematics, and the kind of actions taken towards that
‘object’, or more correctly, towards the subjectively formed image of that ‘object’.
Individuals may have multiple ‘objects’, for example memorising subject material may
be a step towards making meaning for oneself as well as a step towards exam
preparation; asking a fellow student for help with an assignment might be motivated by
a need for marks but may also have a social motivation.
How the results were analysed
As described in Chapter 4, researchers use phenomenographic methods to obtain
second-order perspectives of the world by focussing on people’s reports of their own
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experiences. “At the root of phenomenography lies an interest in describing the
phenomena in the world as others see them, and in revealing and describing the
variation therein” (Marton & Booth, 1997, p. 111). The outcome of phenomenographic
research is a set of categories of descriptions, which usually form a hierarchy of
increasing complexity. The categories are often obtained by an iterative procedure
involving discussions among several people who construct the categories by looking
carefully at borderline and ambiguous cases.
A method inspired by phenomenography was used for the analysis of this research data.
A group of volunteers helped with the process. The volunteers were a recently retired
colleague with experience of teaching university students, and two fellow higher degree
students, also experienced teachers, who are also using activity theory in their research.
I will refer to these helpers as H1, H2, and H3. The purpose in the collaborative exercise
was to try to minimise any personal bias in the category building. This process is
consistent with the notion of knowledge building as a social process, where meanings
are built up by discussion and negotiation. It is also consistent with the approach to
qualitative analysis by researchers working collaboratively in groups as suggested by
phenomenographers such as John Bowden (2000).
In Appendix C, the initial instructions given to the volunteer raters are shown. Initially I
read all 113 responses to the open-ended questions and constructed a map, (Figure C.1),
of the main concepts that I felt could be used to summarise the students’ responses. This
was not a content analysis, as I was looking for logical connections between the answers
given to the three questions, rather than coding and counting the occurrence of various
words. After looking at this concept map, it became clear that many of the study
methods could be regarded as operations. Responses which involved no more than these
methods were regarded as being in Category A. Responses allocated to Categories B
and C included the methods of Category A but also mentioned actions. The difference
was that the actions for Category B were concerned with reading notes and/or studying
worked examples, while Category C actions involved consulting other people. I
consider this important because of the role of internalisation in activity theory as
described in Chapters 2 and 3. In addition, to discuss one’s work with another requires a
reflection on one’s goals that indicates metacognition, thinking about one’s thinking, a
higher order process. Category D was reserved for those responses indicating an aim of
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achieving personal meaning. The final scheme is shown in Figure C.2, which was
developed from Figure C.1. Often the answers to the second and third questions were
important to distinguish the category boundaries, as they were the indicators of
motivation and goals. As described by Marton and Booth, (1997), there are criteria for
the quality of the set of descriptive categories:
The first criterion that can be stated is that the individual categories should each
stand in clear relation to the phenomenon of the investigation so that each
category tells us something distinct about a particular way of experiencing the
phenomenon. The second is that the categories have to stand in a logical
relationship with one another, a relationship that is frequently hierarchical.
Finally, the third criterion is that the system should be parsimonious, which is to
say that as few categories should be explicated as is feasibly and reasonable, for
capturing the critical variation in the data. (p. 125)
The iterative process
There were three rounds. Each of the four helpers H1, H2, H3 and myself, completed
the table “Recording Sheet” in Appendix C. In this sheet I had indicated several
examples of responses that I thought were typical of each of the four categories. Ideally
we would have then met for a round table discussion of cases where there was
disagreement, however for practical reasons I met with the raters separately. After the
first round, there was agreement between all four raters on only 11 cases (9.7%). I met
with H1 and through discussion we resolved many disagreements. In the returned sheets
from H2 and H3 there were several cases where they had indicated they were undecided
between two categories. If both H1 and myself had agreed on one of those two
categories I recoded the results of H2 and H3 to match. This constituted the second
round. This improved the agreements considerably: four raters agreed on 50 of the
cases, 44.2%. At this stage the descriptions of the categories were:
A

Main point is memorising and reproducing, perhaps by doing exercises.

B

More than A but may include some of the items in A.
May say they do exercises in order to understand concepts.
New thing is reading notes or studying worked examples.
Still an emphasis on reproduction for exam rather than for personal understanding.
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C

More than A and B but may include some of the things in A and B.
May say they do exercises in order to understand concepts.
New thing is talking to others (teachers, students, tutors…) implying metacognition.

D

May include any of the things in A, B, C.
New thing is evidence of aiming for personal understanding.
Probably say that they try to understand the theory before doing the exercises.

At all times the raters were aware that we were not engaged in “discovering” the only
possible set of categories, but in “constructing” them by negotiation amongst ourselves.
It is possible that another group of people would construct different categories from the
same data. We called the categories Categories of engagement in mathematical
learning. At each round, borderline cases were discussed and the definitions of the
categories were refined.
A new recording sheet indicating how each of the four raters had categorised each of the
113 cases was distributed. When they were returned I met with H2 and resolved more
cases. This time, the agreement improved to 73 cases (64.6%) where four raters agreed.
This convergence is shown in Figure 5.1. As three or four raters had agreed on nearly
all cases, it was decided to stop the procedure at that point.
These categories are constructions, made by the helpers and myself, and made with the
intention of achieving consistency through consensus while focusing on the actions
reported by the students, and our interpretations of the motivations for those actions. In
just a few cases we could not achieve consensus, and those were combined with two

Percentage of responses

cases of missing data to give 7 in a Category of “U”, for unresolved.

none agreed

100%
80%

2 raters agreed

60%
40%

3 raters agreed

20%

4 raters agreed

0%
1

2

3

Rounds

Figure 5.1 Convergence of agreement over three rounds
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The final categories and implications
A diagram showing how the original elements in the initial concept map (Figures C.1
and C.2) fitted into the final categories is shown in Figure 5.2.

D

Take various steps to achieve personal understanding of concepts, theory,
derivation of formulae etc.
(Includes making your own summary, diagrams, notes…) Reading other
textbooks to make comparisons. Visualising for yourself. Reflection on
notes. May include doing enough exercises until understanding is reached.
May include elements from categories A, B, and C.

Consult teachers, lecturers, tutors,
maths study centre staff, other students
for help when stuck and/or for
explanations and worked examples.
May include doing exercises with
purpose to understand. May include
elements from categories A and B.

C

B
A
Study worked
examples and or
notes prepared by
others with intention
of being able to
repeat the steps.
May include elements
from category A.

Memorise
formulae

Attend
lectures,
take
notes.

Practise many
questions in order to
become familiar with
the methods, so that
the exam can be
done on an
operational level.

Figure 5.2
Diagram showing the final categories for the student responses to the open-ended
questions about methods used in studying mathematics. The bold type indicates what
students say they do, in order to learn mathematics.
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Note that the categories are about operations (Category A) and expand into actions. At
Category A and Category B the intention is reproduction, while at Category C the new
element is consulting others. While this may also be with the intent to reproduce worked
solutions for marks, any interaction with others requires a level of metacognition:
thinking about one’s own thinking, and planning. Any consultation requires the
intention of listening to a response and incorporating it into one’s own beliefs. For this
reason it indicates an intention to make meaning of some kind, even if the meaning is
just sufficient for understanding the steps in a solution so that they can be memorised.
Since the phenomenographic analysis in this situation was based on written answers to
open-ended questions rather than interviews, the opportunity to probe with follow up
questions was not available. This means that students who did not happen to mention
that they sought help from others may in fact use that method.
For Category D, the intention to make personal meaning was required, and this was
indicated by statements that showed the student actively engaged in methods that took
them beyond the usual techniques of the previous categories. A keen interest in
understanding theory and deriving results from first principles for themselves was often
mentioned. Table 5.1 gives illustrative responses for each Category, and Table 5.2
shows the distribution of the participants’ responses over the categories.
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Table 5.1
Illustrative responses for each Category of engagement in mathematical learning.
The questions being asked were:
(1)
(2)
(3)

How do you usually go about learning some maths? It may help to think about some maths you understood
really well. How did you go about learning that?
Regarding your answer to Question 1, why did you choose those methods?
What do you think is needed to be successful at learning mathematics?

A (1) Generally repetition of example and text questions with assessment work in addition to that.

(2) It’s the technique I learnt at year 12 level and it works for me in the way I learn. (3) I think it
helps with logical thought processes and also with discipline of thought.
(1) I do as many exercises as I can. (2) Because this is the method I have always used.
(3) Good teachers and lots of practices.

B (1) Studying heaps of examples and reading notes.

(2) It helps me to understand what I am really looking for in the answer, as well as the concepts
and ideas behind the topic studied.
(3)Simple notes made by someone who knows what they are talking about. What I used to do is
have a sheet of notes (simplified) and just add additional notes in class to help me. It’s the best
way to study because your focus is on the lecturer and not trying to keep up with writing notes.
(1) Do as MANY Questions as I can, and read a number of textbooks to see how they explain the
topic. I also own a notebook that I write all the formulae in so that I can read it on the train. (2) I
have found these methods to work will in the past i.e. for the HSC.
(3) A lot of time spent doing questions and examples, as well as memorising formulae.

C (1) Read through the concept of the maths and during that time do examples of the concepts that

are presented. Then do a whole exercise involving the maths. Check answers and redo any that are
incorrect (if possible). Note any problems and seek advice from lecturer/ tutor/ maths study centre.
(2) Helpful to do worked examples while reading through the concepts. Doing an exercise helps to
solidify the concepts and bring attention to any problems I have with the concept.
(3)Practice is important. Once I have an idea of the concept and have done worked examples, I
practice by doing exercises and examples. Regular study of maths on a daily basis is also helpful.
(1) Going over it several times until understood. Going to learning Centres and getting help from
tutors. (2) It was found that those methods help me to understand what is being presented before
me and give me more confidence for exam time.
(3) Patience, time.

D (1) I find doing problems is normally the best. Derive formulae for yourself.

(2) Knowing equations, etc, is not good enough – you need to know how they work and why, so
they can be applied to a wider range of questions. You also become more familiar with the variety
of areas where formulae can be used.
(3) Patience – questions can take a while to see a way of solving them. A want to understand
things, not just accept them.
(1) Trying to understand how a principle came about, i.e. its origins, understanding what its
applications are, and what information is necessary in order to use the formula, principle etc. Once
this is done, I work through examples to straighten out any misinterpretation.
(2) This avoids rote learning, merely being able to do something without fully understanding what
it is you’re doing.
(3) A mind that can visualise concepts and organise given information into a way of solving a
problem.
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Table 5.2
Categories of engagement in mathematical learning.
Category
A: Rely on repetitive exercises
B: Refer to notes, intend to reproduce
C: Seek help from others
D: Aim for own understanding
U: Unclear or unresolved
Total

Frequency
20
50
20
16
7
113

Percent
17.7
44.2
17.7
14.2
6.2
100.0

The large numbers in Categories A and B (62%) together, and the small number (14%)
in Category D were not expected. As explained in Chapter 4, this is not a representative
sample, so comparisons with other student populations should be made very cautiously.
However, it is interesting to note that Crawford et al. (1994) report that 18% of 294 first
year mathematics students’ responses in another university in Sydney were judged to be
in a category similar to my Category D.
Being reflexive: Comments on the way the students interpreted the questions
In general the students appeared to understand the point of each question. An exception
was the trend in some cases to interpret Question 3 “What do you think is needed to be
successful at learning mathematics?” as a request for information about what is needed
that is not currently present. For example, some students seemed to interpret the
question as asking for information on “How could we (the teachers) do better?”
Examples included the statements:
“Smaller classes”
“Having more time to practice methods through lecture”
“Clearer explanations by lecturer”
“…fully worked solutions should be made available so we can check if our
solution is correct, especially with ‘proof’questions.”
and possibly these:
“Do lots of examples from real life situation. Doing a broad range of questions
which the application may be used for.”
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“A good text (main requisite). Access to tutors outside normal classtimes. Good,
lecturer-prepared notes at lecture.”
Relationships with biographical variables
In my model for describing the activity of learning mathematics developed in Chapters
3 and 4 and illustrated in Figure 4.1, I have emphasised the possibility of there being
multiple ‘objects’ available to students. Students form personal images of these
subjective ‘objects’, or motivating ‘objects’, and this guides the formation of personal
goals for action. While it is possible, or even likely, that students with similar sociocultural histories (as indicated, however crudely, by the biographical data collected in
this study) may construct similar motivating objects, it is not predicted by activity
theory that this should be the case. Nevertheless, in line with common practice in
mathematics education research that often includes such variables as items of interest8, I
investigated whether there were relationships between the Categories of engagement in
mathematical learning and the biographical variables of gender, language background,
and age. Age was indirectly investigated through using a code for whether the student
was a recent school leaver or not.
A series of 2 by 4 contingency table analyses were conducted to determine whether
there were associations in turn between each of the three biographical variables gender,
language group, recent school attendance - and Categories of engagement in
mathematical learning. The only case where a significant relationship was found was
with recent school attendance, with chi square = 10.859, df = 3, p < 0.05, in that
Category C contained more non-recent school leavers than expected. Recalling that
Category C is distinguished by reported activities of seeking help from other people,
this result is consistent with the view that more mature students are likely to have
developed their social skills and feel more comfortable about asking for help with their
studies. Leder and Forgasz (1998) surveyed 811 mathematics students in five Australian
universities and reported that compared to school leavers, mature age students found
their lecturers more approachable.

8

For example, Freislich and Bowen-James (2003) investigated different approaches to studying
mathematics between males and females in first year university mathematics students.
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Because of small cell sizes, contingency table analysis was not appropriate to
investigate the relationship (if any) between computing experience and Categories of
engagement in mathematical learning, so computing experience was collapsed to two
levels, “High”, and “Low”. The analysis then showed no significant association.
Again because of small cell sizes, contingency table analysis was not appropriate to
investigate the relationship (if any) between level of mathematics studied in year 12 and
Categories of engagement in mathematical learning, so level of mathematics was
collapsed to two levels by grouping 2 Unit with 2 Unit Mathematics in Society, and
separately grouping 3 and 4 Unit Mathematics. The significance is that 3 Unit
Mathematics is generally recommended as the lowest level for students intending to
study mathematics or mathematics related courses in engineering or the physical
sciences at university. The analysis then showed no significant association.
These results concerning the distribution of the participating students among the
categories seem to indicate that the categories constructed in this way are independent
of the biographical variables of gender, level of high school mathematics study, and
computing experience.
As mentioned at the beginning of the chapter, phenomenography aims to find categories
of description, not to classify students in terms of their possessing or not possessing
certain concepts or skills. On the other hand, there is a grading evident in the categories
as constructed by the raters through the iterative method of reading of responses and
negotiation with other raters. It would be expected that students in Category D would be
more likely, in terms of the activity system proposed in Figure 3.2 to be motivated by a
search for personal meaning (and thus more likely to adopt a deep approach to study),
while those in Categories A, B, and C would be more likely to be motivated by seeking
marks for minimum effort (and thus more likely to adopt a surface approach to study, if
they have found that that works for them). To investigate this, and to investigate the
links between these new categories and previous research, a number of boxplots
(Figures 5.3 and 5.4) were constructed to see if the categories reflected any of the
dimensions of the results from the Study Process Questionnaire. The trends are in the
expected directions. However, there is considerable overlap in the plots, showing that
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the categories are not a clear reflection of these students’ scores on the approaches to
study scales and vice versa.
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Figure 5.3
Surface approach to study by Category of engagement in mathematical learning.
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Figure 5.4
Deep approach to study by Category of engagement in mathematical learning.
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In order to investigate further the correspondence between the Categories of
engagement in mathematical learning, and surface and deep approaches to study, I
separated out two groups of students. From the scores on the surface approach and deep
approach scales, I located those students below the mean on one of these aspects and
above the mean on the other. I called these two groups of students “High Surface Low
Deep” and “High Deep Low Surface”. As indicated in Figure 5.5, these are not exactly
the same as any particular combination of my Categories of engagement in
mathematical learning.

20

Count

10

Hi SurfLo Deep
0

HiDeepLoSurf

A: rely on exercises

A+B+ask others

A+reading notes etc

U

ABC+ understanding

Categories for learning maths

Figure 5.5
Distribution across the Categories of engagement in mathematical learning of
students with mainly surface and mainly deep approaches to learning.
It is clear from Figure 5.5 that my Categories A, B, and even C contain some students
whose main approach to learning, as indicated by their scores on the Study Processes
Questionnaire, is a surface one. Also there are many more students than expected in
Categories A and B whose main approach to learning is a deep approach. The categories
have not separated the students with extreme scores on these two predilections. On the
other hand, the categories include nearly all the students, while the two groups “High
Surface, Low Deep” and “High Deep, Low Surface” contain 17 and 38 students
respectively. In further analysis, it will be useful to consider both kinds of groupings.
The Categories of engagement in mathematical learning are unique to the participants in
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my study, while the groups “High Surface, Low Deep” and “High Deep, Low Surface”
relate subgroups of my participants to scales developed in previous research.
When conceptions of mathematics are considered, it is interesting that there was an
unexpected lack of a trend in the boxplots showing conceptions of mathematics by
Category of engagement in mathematical learning. Indications are in Figures 5.6 and
5.7.

5.0

Fragmented conceptions of maths

4.5
4.0
3.5
3.0
2.5
2.0
1.5
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20

50

A: rely on exercises

20

16

A+B+ask others

A+reading notes etc

ABC+ understanding

Categories for learning maths

Figure 5.6
Fragmented conceptions of maths by Categories of engagement in mathematical
learning.
The students with the most engagement in their mathematical learning (Category D)
were just as inclined as the least engaged students to see mathematics as a collection of
rules and facts. Remembering that this survey was conducted after one semester of
university mathematics, this is of concern. However, in Figure 5.7, the expected trend
appears, with more highly engaged students reporting a more cohesive view of
mathematics, as found in the studies by Crawford et al. (1994, 1998a, 1998b).
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Figure 5.7
Cohesive conceptions of maths by Categories of engagement in mathematical
learning.
Summing up
In this chapter, I have described the development of a set of Categories of engagement
in mathematical learning. A collaborative approach inspired by phenomenography was
used. The Categories of engagement in mathematical learning reflect the responses of
my participants to open-ended questions about their actions in studying mathematics:
what students actually do. More than that, the questions asked why students used the
methods that they had described, and what they thought was needed for success in
mathematics. I am confident that the Categories of engagement in mathematical
learning reflect the subjective, motivating ‘objects’ that are a main component of
activity theory. The Categories of engagement in mathematical learning are hierarchical,
showing a progression from low engagement through to engagement with other people
in one’s learning, to a strong interest in making personal meaning. This reflects the
activity theory view of learning and development as an internalising of external social
activity.
In this chapter, the Categories of engagement in mathematical learning have been
compared to the conceptions of surface approach to learning and deep approach to
learning. They do not align exactly. Categories C and D appear to contain students with
mainly a deep approach to learning, however there are students in Categories A and B
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with both deep and surface approaches. Looked at another way, students with a surface
approach appear to be concentrated in Categories A and B.
The Categories of engagement in mathematical learning are independent of the
biographical variables of gender, level of high school mathematics study, and
computing experience. Category C contains more non-recent school leavers than
expected.
In the next chapter, the results of the questionnaire about student experiences with the
computer algebra system Mathematica are discussed. The Categories of engagement in
mathematical learning will provide a lens for selecting and reviewing the students’
written comments about their experiences with this new tool.
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CHAPTER 6
STUDENTS DESCRIBE THEIR EXPERIENCES WITH THE
COMPUTER ALGEBRA SYSTEM MATHEMATICA

Introduction
My theoretical framework for this research, adapted from activity theory, has been
outlined in Chapter 3. An important aim in carrying out this work was to find out about
the students’ experiences with the computer algebra system Mathematica. To do this, I
designed and carried out a survey and interviews as described in Chapter 4. At the end
of Chapter 4, part of my proposed activity system model was shown with an indication
of the data collected in the survey. In this chapter, some of the relationships that
emerged from the data and help to illuminate the model are outlined. Some expected
results emerge, for example the role of prior school mathematical background in
predicting assessment results at the end of one semester of university mathematical
study. The theoretical framework of activity theory focuses attention on the subjective,
motivating ‘objects’ of activity, and I have illustrated the variety of these ‘objects’
through the construction of Categories of engagement in mathematical learning as
described in Chapter 5. In this chapter, a principal component analysis of the data from
the Mathematica Experience Questionnaire (MEQ) is described. Interesting
relationships emerge when the students’ experiences with Mathematica, as summarised
by four components that arise from the principal component analysis, are viewed
alongside these Categories of engagement in mathematical learning. The picture is more
complex when students’ computing backgrounds are also included.

Part 1: Formal Assessment Marks
Contexts, and personal historical backgrounds of the students
The students in the survey were enrolled in three different subjects (four different
lecture classes), and sat for four different final pen and paper exams. Their final
assessment marks were obtained from four different assessment schemes, although the
schemes were similar in that in each case, the major component was a final three hour
pen and paper exam. Because of this variety, and also because of the low return rates
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from all except the subject Mathematics 1, comparisons of results across classes are not
as useful as general trends that show the importance of personal historical data. For
example, Figure 6.1 shows final assessment results across the subjects, but there are not
enough students from the science and engineering subjects to make across-class
comparisons. Figure 6.2 is more useful, since it reveals the general trend: students who
studied higher levels of mathematics at school tended to gain higher assessment marks
in their first semester at university.
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Figure 6.1.
Final assessment marks for each subject.
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Figure 6.2
Boxplots indicating that students with a higher level of mathematical study at
school tended to gain higher results in first semester university mathematics.
Reasons for this relationship can be proposed, but this particular study does not set out
to rank or compare the contributions made by
•

The similarity of content between high school subjects and first year
mathematics subjects

•

The higher level of problem solving skills and routine algorithmic skills that
students in 3 and 4 Unit Mathematics develop in the extra time spent on
mathematics in those subjects

•

Levels of interest in the subject that may underlie both the choice of high school
mathematics subjects and the commitment to first year university study.

A possible explanation would be to attribute the relationship to innate mathematical
ability. However I believe the term ability to be a social construction invented to explain
such clustering of results. As an experienced teacher, I am aware of the major
differences in achievement that can be realised when a student, previously labelled as
“low ability” decides to apply themselves to learning in order to pass a mathematics
subject that is necessary for their degree program.
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The corresponding boxplots for recent school leavers and non-recent school leavers
were investigated to see if the effect was different for these two groups, but in both
cases the trend was identifiable and similar to the graphs for all students.
Gender, Home language, Recent HSC Study
Boxplots for final assessment results for first semester, clustered by subject, and then
separately by gender, by language group, and by recent HSC Study were inspected. The
small numbers in these subgroups in three of the subjects make it impossible to draw
conclusions. In the subject with the highest survey response rate, Mathematics 1, there
were differences (slightly higher achievements of males compared to females, English
speakers compared to bilinguals, and recent HSC students compared to others), which
will be addressed in Chapter 7.

Part 2: Personal Mathematica Experiences.
The Mathematica Experience Questionnaire: Initial investigations
As described in the previous chapter, the data set obtained from the survey is complex.
My purpose in asking the questions in the MEQ, the Mathematica Experience
Questionnaire, was to find out how students regarded their experiences of the computer
algebra software, a new tool that very few of them had used in their previous studies of
mathematics. Taking an activity theory perspective means that personal histories and
identities as well as personal goals are important aspects of my model. For example,
what kinds of experiences were reported by students with personal histories of success
with computers, but differing goals as revealed by their approaches to studying
mathematics? How were these different from the experiences reported by students who
identify themselves as having low levels of experience with computers? To begin to
find answers to such questions I decided to condense the information in the responses to
the MEQ into a smaller number of representative variables. I describe this later in this
chapter in the report of the principal component analysis of the MEQ.
First, an initial exploration of the MEQ will be reported. I will identify items with high
and low scores and propose some reasons for that. The richness of the data set is
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demonstrated by looking at the qualitative responses of some students who scored very
low levels of agreement on one of the items that had a high mean. By locating their
written comments to open-ended questions I am able to paint a picture of a particular
subgroup of students who were successful in school mathematics but did not gain from
the more independent learning situation that the computer lab work offered.
Table 6.1 below shows the five items from the MEQ that had the highest scores, and the
five items that had the lowest scores.
Table 6.1
Items with high and low scores on the MEQ.
Item
(Agreement is a high score on a scale of 0 - 41)
48. It was frustrating when you forgot capital letters or used the wrong brackets and
it wouldn’t work.
44. I need more practice with Mathematica before I can use it as a tool.
30. Mathematica is too expensive to buy for myself so I did not have the benefit of
working on it at home.
45. Mathematica is useful as a checking tool.
11. When I get an unexpected output or error message from Mathematica I try to
work out the reasons why before changing my input.

Mean

Item
(Disagreement is a low score on a scale of 0 - 41)
9. I had difficulty using the printer.
23. I looked for books in the library on Mathematica.
15. I had difficulty saving my work onto floppy disks.
35. I have used Mathematica to investigate mathematical questions of my own that
arose in other subjects.
17. I often used Mathematica to explore my own questions about mathematics.

Mean

SD

30.4

10.0

29.3
29.1

10.4
13.3

28.1
28.0

9.5
10.3

SD

8.8
8.9
9.0
9.7

11.3
11.8
10.4
10.3

10.3

10.2

Items with high means
The frustration of learning the syntax of Mathematica instructions is evident. One of the
main sources of difficulty is the variety of grouping symbols. Mathematica uses three
different grouping symbols for three different purposes: parentheses for “ordinary”
algebraic purposes, square brackets for enclosing the argument of a command, and
“curly brackets” or braces for lists. In high school mathematics, such distinction is
rarely necessary. In Mathematica, these kinds of symbols are often encountered within a
single line of code, even at the beginning level of plotting graphs. For example, to plot
the parabola for y = ( x − 2) , the instruction is
2

Plot[(x-2)^2,{x,-5,5}].
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When incorrect syntax is typed in, the software produces an error message in blue text
on the screen. Sometimes these are difficult for beginners to interpret and make use of,
as they may include references to items of syntax such as “options”, that the student has
not met before. Further, capital letters are a necessary part of the syntax, so words that
with pen and paper mathematics may or may not need capitals depending on their place
in a sentence or some other convention, must be capitalised in Mathematica. An
important example at this level includes the names for trigonometric functions. The
familiar “ sin x ” becomes “Sin[x]”,with these versions having quite different
meanings and not recognised as the sine of a variable x: “sinx, sin(x),
Sin(x), Sin{x} sin[x]…”

In conversations with my own students, and by observing them at work in the labs, I
realised that many students perceived these requirements of the syntax as frustrating
obstacles, especially in their first encounters with the software.
Referring back to Table 6.1, the fact that students had a high level of agreement on both
Items 44 and 45 shows that they did recognise the potential of the CAS, but not many
had appropriated the tool for their personal use. Item 30 indicates that the story may
have been different with more accessible software.
The high score on Item 11, “When I get an unexpected output or error message from
Mathematica I try to work out the reasons why before changing my input” is interesting,
especially as this item had low correlations with nearly all the other items in the
questionnaire. I believe that most students are reporting here a willingness to engage
with the task of using the software, which means that it may be interesting to look at
those who did not report doing this. The picture of this item is more meaningful when
compared with the item with which it correlated most strongly: Item 46 “Using
Mathematica did nothing to help my mathematical understanding.” (The correlation was
- 0.365). By using a scatter plot of these two variables (Figure 6.3), I identified a sub
group of six students with high computing backgrounds who did not think that their
mathematical understanding was enhanced by the CAS experience, and also did not
engage with the software by thinking about the messages on the screen.

125

CHAPTER 6

50

11. I think about unexpected output

40

30

20

Computing experience

10

high
low

0
-10

0

10

20

30

40

50

46. It did nothing to help my maths understanding

Figure 6.3
Scatter plot of Items 11 and 46 in the MEQ. Students with High computing
backgrounds who did not find the CAS helped their understanding in
mathematics, and did not seriously engage with the software are indicated by the
“+” signs in the lower right corner.
In this subgroup of six students, four were Engineering students, one a Mathematics and
Finance student, and one an Applied Chemistry student. All except one of these students
studied 3 Unit Mathematics at school (the second highest level), and all passed their
university mathematics subject in the semester just prior to the time of completing my
survey with final scores mostly in the Credit range. These were successful mathematics
students – what was it about the Mathematica experience that resulted in their extreme
scores on those two items? Their written responses to the open-ended questions
provided more detail, with comments about difficult assignment work and staff who
could have been more helpful appearing in the students’ responses. The first open-ended
question was “Overall, how would you describe your experiences with Mathematica in
your first semester?” The second question was “What do you think UTS staff could do
to improve your experiences of learning Mathematics with Mathematica?” Here are the
relevant comments from the students in this subgroup who responded to those
questions, along with their z scores on the Surface Approach and Deep Approach scales.
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These scales from the Study Process Questionnaire will be useful again later in this
chapter as another lens for viewing the variety of experiences that students report on the
Mathematica Experience Questionnaire.
Description of experiences: Mathematica I found was a difficult program to master. The tutors
did not care if we didn’t understand it and I always panic about Mathematica assignments. You
always have to go out of your own time to learn the program rather than learn it in tutorial
classes.
Staff could: Be more helpful in answering problems and make more easier assignments.
Mathematica I think needs to be scrapped!!
(Surface 0.77, Deep – 0.32)
Description of experiences: Good. I can see its use a tool in industry. We should have more of a
chance to learn with staff aid before a major assignment such as Math Modelling 1.
Staff could: Lab sessions (A few more.) Tutors were restricted in their advice during assignment.
(Surface: 1.00, Deep: – 0.52)
Description of experiences: Very frustrating, but useful.
Staff could: Put more time into it.
0.21)

(Surface 1.81, Deep: –

Description of experiences: Painful. A lot of effort went into learning the syntax and in the
assignments this meant trying to get it to work instead of trying to get the right answer.
Staff could: Some handouts of how to use Mathematica.
(Surface: – 0.5, Deep: –2.26)
Description of experiences: The Mathematica textbook I found was very unhelpful. I understood
barely nothing of the commands I was entering. Mathematica advantages, I can see for drawing
graphs, otherwise I think working on paper is quicker (even if you know the right Mathematica
commands.
Staff could: I think the staff learning eg in tutes and lectures was adequate, it was merely the
instructions and what the commands did, I found was very unclear. Rather than describing the
use of the commands, it would just show how it was used in a specific example.
(Surface: –1.31, Deep: 0.60)
Description of experiences: It was a bit slow – you may as well have done the questions by
yourself. It was useful for checking.
Staff could: Compile an alphabetised list of useful commands available in the computer labs,
perhaps.
(This student was in the Science Mathematics Subject that had no major Mathematica
assignment, and a different set of laboratory tasks, not including the large amounts of copying
and typing that students in the other subjects experienced. Surface: – 0.51, Deep: 2.07)

Reading through these comments it can be seen that the activity of learning mathematics
in this new environment is complex. These students reported that they had either “more
than adequate for my study needs” or “extensive” levels of computing experience. But
this high level of computing background alone does not account for the variety of
experiences these students describe. Their experiences are shaped by the demands of the
tasks (labs and assignments) as well as the interactions with teaching staff. The first four
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of these students had higher scores on the Surface Approach scale than on the Deep
Approach scale. Recall that based on their achievement at school and at the end of one
semester of university study these are successful mathematics students. A surface
approach has been adequate for them. The approaches to learning that have been
successful for these students in school mathematics and in the pen and paper based
examinations at university, have not prepared them for the level of independent learning
that was expected of the particular Mathematica experiences that they encountered.
Faced with a new kind of challenge, they expected help from the tutors. There is a gap
between the help that students expected from tutors and the level of assistance they
experienced. The last student in the list had a higher score on the deep approach to
learning than on the surface approach to learning scales. Her comments are more about
the usefulness of the tool. However it should be noticed that the subject she was in had
different lab experiences with Mathematica.
This detail can be described as aspects of the activity system: students interact with the
learning community in ways that are mediated by formal and informal rules. In this new
environment for the students, negotiating those rules and also working out where the
responsibility for learning is located is a challenge, they need to form goals and new
conscious actions. Learning mathematics is no longer operational in the way that
learning pen and paper routines by imitation had become for them. Figure 6.4 shows
with heavy lines the location of these new relationships that the students encounter in
the activity system model that I am using to describe the activity of learning
mathematics at university. The main point is that these tensions do not stem from
characteristics of individual students, and certainly not just from mental or cognitive
changes, but from the emerging relationships with other people in a web of
relationships, and from the new demands of the context.
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MULTIPLE TOOLS:
Tasks, computers and CAS
Secondary contradiction:
New tool challenges views of
what “learning mathematics” is.
MULTIPLE
SUBJECTS:
Students,
academic staff

MULTIPLE OBJECTS,
including
“Learning” as interpreted
by each individual.
Inner (primary)
contradiction: working
for marks vs working to
make personal
meaning.

RULES:
Formal and
informal
rules

COMMUNITY:
University and wider
community

MULTIPLE
OBSERVABLE
OUTCOMES:
Formal
assessment
marks
Scores on
scales
designed to
assess Deep
and Surface
learning
approaches.

DIVISION OF LABOUR:
Responsibilities for
teaching, learning and
assessing

Figure 6.4
Diagram of the activity system showing the relationships that students need to
negotiate when a new learning context is introduced.
Three of the four students with low computing backgrounds who also scored below 12
on Item 11 “When I get an unexpected output or error message from Mathematica I try
to work out the reasons why before changing my input” gave responses to the openended questions on the MEQ. All these students passed the relevant subject (for
engineering students). Their comments were:

Description of experiences: It was hard at first, because our tutor Teacher spent only one class
lesson using Mathematica. The rest of Mathematica we have to read the textbook. It was a joke!
But it was OK after you get the basic idea from the textbook.
Staff could: More time for student to play with Mathematica.
(Surface 0.54, Deep –0.11)
Description of experiences: Not enough help from the tutor or lecture. [sic]
Staff could: More tutorial class for mathematics.
(Surface 0.31, Deep 0.50)
Description of experiences: I felt as though I was put in a corner with an assignment, a computer
and a broken chair and then left on my own to work it out. More texts or information should
have been handed out about Mathematica. Staff could: See above.[sic].
(Surface 0.54, Deep –0.93)

129

CHAPTER 6

Again it was a change from the usual kind of mathematical learning experience for these
students to be “left on my own to work it out”. Besides more assistance, they felt that
they needed more time.
Items with low means
In Table 6.1, the items that had low levels of agreement indicate that, on the whole,
students had little difficulty with the hardware aspects of their Mathematica experience:
using the printer and saving onto floppy disks. It was important to know about this as
students from previous semesters’ classes had complained about these. It seems that
most students lacked the interest or perhaps the time to investigate Mathematica via
library books. Items 17, “I often used Mathematica to explore my own questions about
mathematics”, and 35, “I have used Mathematica to investigate mathematical questions
of my own that arose in other subjects”, are about investigating and exploring
mathematical questions with Mathematica: I propose that registration of a high level of
agreement on these items would indicate a very successful introduction to the CAS.
However it seems that very few students achieved this in the semester under
investigation, as shown in Figure 6.5.

Histogram of responses to question 17.

Histogram of responses to question 35.
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Figure 6.5
Low agreement on Items 17 and 35 about personal appropriation of the tool.
Having considered some aspects of the items with extreme scores, I will now describe
how I used a principal component analysis (PCA) to gain a picture with fewer
dimensions that summarised the data in responses to selected MEQ items.
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The Principal Component Analysis of the MEQ

Selection of items, methods, and derivation of components
Two kinds of data had been collected about the students’ experiences with
Mathematica. As described in Chapter 4, there were two open ended questions and 56
items in a questionnaire. For various reasons, not all of the questionnaire items proved
suitable for including in a principal component analysis. Some of the items had been
designed to collect information for the lecturers about the students’ perceptions of the
hardware conditions, for example, Item 9 “I had difficulty using the printer”. Many
questions were concerned with the students’ perceptions of the assignment(s) that their
particular subject required. These assignments were different and set under different
conditions for each subject. Some of the questions asked students for opinions about
other people rather than reflection about their personal experience. Other questions were
simply poorly phrased. As my goal was to find out about the students’ personal
summing up of their experience with the software across all subjects, I decided not to
use the hardware questions, assignment questions, second order opinion questions or the
poorly phrased questions in the next stage of the data analysis. The questions retained
for the principal component analysis are listed below in Table 6.2.
My goal at this point was to find, if possible, a few major dimensions of the
Mathematica experience. A large correlation table (Table D.1) was investigated, and
various exploratory Principal Component Analyses were undertaken. Tabachnick and
Fidell (1983) suggest that exploratory factor analysis (or principal component analysis,
PCA) is useful when “one seeks to summarize data by grouping together variables that
are intercorrelated” p. 372. Table 6.2 lists the MEQ items that were used in the PCA.
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Table 6.2
Items from the Mathematica Experience Questionnaire that were used in the
principal component analysis.
1. For me, Mathematica was very frustrating most of the time.
3. The Mathematica work that we did helped me to understand the concepts in this subject.
4. The Mathematica questions gave me a wider view on mathematics.
6. We did not have enough instruction on how to use Mathematica.
10. Mathematica was very confusing at first, but when it worked it was quite enjoyable.
11. When I get an unexpected output or error message from Mathematica I try to work out the reasons why
before changing my input.
17. I often used Mathematica to explore my own questions about mathematics.
18. The only time I used Mathematica was when we had to hand something in.
19. I often used Mathematica to check my calculations when working on my own on other parts of the
subject.
22. Getting the right output from Mathematica is largely a matter of trial and error.
25. Mathematica took so long to learn that it is not really helpful.
28. I enjoyed discussing Mathematica with other students.
29. Because of Mathematica, I had interesting conversations with others about mathematics.
31. Mathematica just added to the amount we already had to learn.
34. I have been able to use Mathematica in completing set work for other subjects.
35. I have used Mathematica to investigate mathematical questions of my own that arose in other subjects.
37. I found that Mathematica was easy to use.
38. The error messages did not help me find out what was wrong with my typing.
41. I didn’t like the program at first but it was useful when I got the hang of it.
42. We spent too long learning how to use Mathematica rather than learning mathematics.
43. The difficulty in using Mathematica made it almost not worthwhile doing.
44. I need more practice with Mathematica before I can use it as a tool.
46. Using Mathematica did nothing to help my mathematical understanding.
47. Mathematica was fun.
48. It was frustrating when you forgot capital letters or used the wrong brackets and it wouldn’t work.
50. I found it easy to learn Mathematica because of my previous experience with computers.
51. Using Mathematica made it possible to see how mathematics is used to analyse real situations rather than
just made up textbook questions.
55. Working with others on Mathematica was a positive experience.
56. I found that the Mathematica Help Desk was useful.

Where appropriate, scores were reversed so that a high score indicated a successful
experience. The scores on the 29 items from Table 6.2 were then inspected for
symmetry. Those items in which the skewness value calculated by SPSS was more than
twice its standard error were regarded as asymmetrical and were transformed. As this
changed the ranges of some of the scores, all scores were then standardised. Johnson
and Wichern (1998, p. 468) recommend the standardising of variables before a PCA if
the variables are measured on scales with widely differing ranges.
Tabachnick and Fidell (1983) describe the unease among statisticians surrounding the
fact that after extraction of components in PCA an infinite number of rotations is
possible, so that any reported solution based on the rotated component matrix is not
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unique. However the main reason to use rotation is to increase the interpretability of the
components, and any kind of interpretation will have an element of subjectivity. In light
of these concerns, I will first describe the insights gained from the unrotated component
matrix. (See Appendix D, Table D.2).
As often occurs with an unrotated component matrix in a complex situation, the first
component extracted (indicated by loadings in the first column of Table D.2) indicates a
dimension on which all items have a positive loading. Looking at the other columns, a
number of contrasts are evident. Clusters of items that contrast with each other may be
more interpretable after a rotation, and then may show up as two different components
(Johnson & Wichern, 1998). First, the items such as Item 34 and Item 35 that indicated
whether or not a student had appropriated the tool for their own use, contrasted with
items that revealed whether the Mathematica experience was considered worthwhile
and not a nuisance that interfered with the learning of mathematics (See Items 34, 35,
42, 43 in Column 2 of Table D.2). Second, there is a contrast between the annoyance of
making syntax errors, and being able to overcome that frustration to eventually find the
work useful and enjoyable (See Items 48 and 10 in Column 3 of Table D.2). A third
contrast shows that learning a new tool may be extremely frustrating, but another
dimension may be the positive, even enjoyable, experience of working with others (See
Items 28, 55, and 1 in column 4 of Table D.2). A fourth contrast appears to be related to
using a feature of the new tool (error messages) that requires a somewhat independent
approach to learning, compared to gaining or not gaining a wider view of mathematics
(See Items 38, 4 and 11 in column 5 of Table D.2). Other contrasts are not as clear-cut.
It is interesting that at this stage, Items 37 and 50, which are concerned with ease of use
of the software, do not dominate.
To improve interpretation of the important components, a Varimax orthogonal rotation
was obtained, as is standard practice in educational research, and the rotated solution is
shown in Table 6.3, with loadings above 0.3 reported. There were eight components
with eigenvalues greater than 1, and a scree plot of the eigenvalues is shown in
Appendix D, Figure D.1. Regarding the question of how many components to retain,
Johnson and Wichern (1998) suggest that there is no definitive answer. Things to
consider include the total sample variance explained, the interpretations of the
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components from the subject matter of the items, and the relative sizes of the
eigenvalues. One visual aid is the point at which the scree plot of eigenvalues “levels
out”: “The number of components is taken to be the point at which the remaining
eigenvalues are relatively small and all about the same size” (Johnson & Wichern, 1998,
p. 475). On Figure D.1 (Appendix D), this is likely to be at two components, although a
case could be made for four. Bearing in mind that interpretability (understanding the
dimensions of the students’ reported experiences) was an important reason for including
the exploratory PCA in my research, four components were retained for interpretation.
The reasons for this choice include:
• The first four components explain respectively 29%, 8%, 6%, and 6% of the
variance, while the fifth and later components each explain less than 5% of the
variance.
• The first four components explain 49% of the variance.
• The first four components are easily interpretable from the highest loading
items.
• Component 6 had only two highly loading items, which had similar wording.
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Table 6.3
The rotated component matrix for the PCA of selected items from the MEQ.
Rotated Component Matrixa

35z Used in own qns from other subjects
34z Used in set work in other subjects
19z Often used Mca to check calcs on other parts of subject
18z(rev) Only used Mca when required to hand in
17z Used to explore own qns about maths
25z(rev) Takes so long to learn, not really helpful
43z(rev) Difficulty made it almost not worthwhile
22z(rev) Getting right output largely trial and error
31z(rev) Just added to amount to learn
42z(rev) Spent too long on Mca rather than on maths
1z(rev) For me, very frustrating most of time
46z (rev) Did not help my maths understanding
44z(rev)Need more practice before I can use as tool
37z I found it easy to use
50z Easy because of my computer experience
47z Mathematica was fun
29z Mca led to interesting conv with others about maths
28z Enjoyed discussing Mca with other students
38z(rev) Error messages did not help
4z Gave me a wider view on maths
3z Helped me understand concepts in this subject
6z(rev) We did not have enough instruction on how to use Mca
51z Showed maths in real situations
10z Confusing at first, enjoyable when it worked
41z Dislike at first, useful later
55z Working with others on Mca was positive
11z I think about unexpected output before changing input
48z (rev) Frustrating when you forget capitals etc
56z Mca Help Desk was useful for me

1
.807
.786
.738
.682
.656

2

3

Component
4
5

6

7

8

.368

.325
.425
.344

.712
.663
.627
.586
.568
.534
.474
.398

.361

.349

.353
.340
.302
.335
.395

.307
.362

.720
.619
.596

.345
.781
.752

.358
.360

.410

.395

.404
.355

.351

.806
.679
.469
.429
.373

.394
-.339
.749
.739

.414

.623
.623

.359

.776
.612

Extraction Method: Principal Component Analysis.
Rotation Method: Varimax with Kaiser Normalization.
a. Rotation converged in 12 iterations.

The table does not show a simple structure, however this is an exploratory analysis
rather than one undertaken to confirm a theory or test a hypothesis. The complex nature
of the rotated solution is not surprising. It is possible that a follow-up study could
develop scales that reflect more closely the main features that are revealed.
Descriptions of the main components
As foreshadowed by the examination of the unrotated solution, the initial component is
about personal appropriation of the tool – actually using Mathematica to investigate
questions from the current subject and other studies. The main item here is no. 35 “I
have used Mathematica to investigate mathematical questions of my own that arose in
other subjects.” As well as items that indicated that the CAS had been appropriated as a
personal tool, (Items 5, 34, 19, 18 and 17), other items that load on this component are
Item 46 “Using Mathematica did nothing to help my mathematical
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understanding” (Reversed), and Item 3 “The Mathematica work that we did helped me
to understand the concepts in this subject.” These last two items indicate that this
component is about meaning making in the personal plane. There is also an indication
(Item 50) that previous computing experience helped, although that item loaded more
strongly on the third component. The name “GAIN_TOOL” was chosen for this
component, which indicates successful appropriation of the CAS as a tool for
completing mathematical work and as an aid to understanding. Figure 6.5 showed that
only a minority of students reported high scores on Items 17 and 35. It is likely that only
a few students achieved this personal appropriation of the CAS.
The second component is chiefly defined by the reverses of Items 25, 43, 22, 31, 42, 1,
46, and 44. This component is about the students’ views of the place of a CAS
experience within a mathematics course. Is it worth the time spent on it? Does it just
add to the tasks to be done without giving value in terms of an increased understanding
of the (pen and paper) mathematics? The main items are 25: “Mathematica takes so
long to learn that it is not really helpful” (Reversed), and 43 “The difficulty in using
Mathematica made it almost not worthwhile doing” (Reversed). An appropriate label is
“HELPFUL_WORTHWHILE”.
The third component is about the ease of use of the CAS and includes satisfaction with
the instruction. The main items are 37 “I found that Mathematica was easy to use”, and
50 “I found it easy to learn Mathematica because of my previous experience with
computers”, which also loaded to a smaller degree on the previous two components.
Also contributing to the third component are Item 47 “Mathematica was fun” and the
Reverse of Item 6 “We did not have enough instruction on how to use Mathematica”. I
labelled this component “EASY”.
The fourth component, dominated by Items 29, 28 and 55, is about enjoying the
experience of working with others – other students, tutors, and the staff on the help
desk. I judged this component to be about the role of positive social interactions in the
productive learning of a new tool. I labelled this fourth component “WITH_OTHERS”.
Discussions about mathematics and about Mathematica were observed in the labs while
students worked on the computers – but not every student enjoys this interaction with
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others. In a situation where much can be learned about a new tool by being able to ask
the person next to you what needs to be done, those students who rarely talk to others
are at a disadvantage. It is interesting that Item 44 “I need more practice with
Mathematica before I can use it as a tool” (Reversed) loaded more highly on this
component than on the previous one – about the software being easy to use and to learn.
This indicates that finding the CAS easy to use is not the same as actually using it for
one’s own purposes. This is also clear in the fact that Item 37: “I found that
Mathematica was easy to use” does not load above 0.30 on the first component.
Descriptions of these components and names for new variables constructed by the SPSS
program to reflect them are given below:
(1) I gained a useful tool

GAIN_TOOL

(2) It was worth the time spent on it

HELPFUL_WORTHWHILE

(3) I found it easy and fun

EASY

(4) I enjoyed learning with others

WITH_OTHERS

Experiences with a new mathematical tool – How important are students’
backgrounds? How important are students’ goals? How do these interact?

In my theoretical framework, the variables described in the analysis are, in the main,
social constructions rather than observable, directly measurable quantities. Steier,
(1991) warns against attempts “to keep oneself, even as an active observer, out of one’s
constructions, and to hold onto vestiges of objectivism” (p. 4). For this reason, I believe
it is important to regard the components that arose from the principal component
analysis with the same caution as the Categories of engagement in mathematical
learning that were developed in Chapter 5. They give lenses for looking at the rest of the
data. For significant results to emerge I believe that using these lenses should help to
select and bring into focus some of the qualitative data collected - comments from the
students that will be interpretable from the theoretical framework chosen for this
research: activity theory.
In activity theory, personal history and identity within a social framework is important,
but does not determine activity. Someone’s computing background, for example, would
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be expected to influence but not fully determine all future successes with learning new
computing tools. As outlined in earlier chapters, people’s activity is guided by their
personal image of some ‘object’, in a social and cultural context. In Chapter 5 a process
was explained that used ideas from phenomenography to create “Categories of
engagement in mathematical learning”. These categories reflect the range of activity,
actions and operations that the students who participated in my study reported that they
used in their study of mathematics, and I am using these categories as indicators of
students’ personal subjective, motivating ‘objects’. Now I am ready to examine how
these personal ‘objects’ such as making personal meaning or learning how to replicate
standard solutions to given exercises, co-created the students’ experiences with the new
tool – Mathematica.
Initially, plots were obtained of scores on the four dimensions of experience with
Mathematica – the four components from the principal component analysis – for
computing experience (Appendix E), and also for the Categories of engagement in
mathematical learning (Appendix F). Graph (1) in Appendix E indicates a wider spread
of responses regarding the personal appropriation of the tool when computing
experience is high rather than low. The only indication of a statistically significant
difference is in Graph (3), reproduced below as Figure 6.6, where students with high
computing experience are more likely to report that they found the CAS experience to
be “easy and fun” (Mann-Whitney, U = 942, p = 0.007).
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Figure 6.6
Students with a “high” level of computing background had higher scores on the
third component of CAS experience: “I found it easy and fun”.
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If we were only looking at computing experience, it might seem that students with a
higher computing background had an advantage – but note that this is only on one
dimension of the CAS experience.
The graphs in Appendix F have slight trends but none are statistically significant. When
the Categories of engagement were grouped pairwise into “High” and “Low”
engagement, the trend in Graph (4) of Appendix F was statistically significant: (MannWhitney U = 542, p = 0.017), with the High Engagement students, (those in Categories
C and D) reporting higher scores on the “WITH_OTHERS” component, “ I enjoyed
learning with others”. This is consistent with the hierarchical nature of the categories, in
that descriptions of Category D actions included aspects of Category C, and Category C
was about the social aspect of learning – seeking help from peers and staff. This is
shown in Figure 6.7.
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(4) I enjoyed learning with others
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28
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Figure 6.7
Boxplot showing that students in Categories C and D, judged to be more
engaged in their mathematical learning, score higher on Component 4 of the
CAS experience, “WITH_OTHERS”: “I enjoyed learning with others”.
To this point in this chapter, I have considered scores on the four constructed
components of CAS experience separately with the lenses of computing experience and
Categories of engagement in mathematical learning. Computing experience is about
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personal socio-cultural history, and the Categories of engagement in mathematical
learning are about personal goals. My activity theoretical framework acknowledges that
a person’s actions are influenced by both of these aspects. This gives a direction for
further investigations – to look at the components of CAS experience through both
lenses simultaneously. This can be done graphically. From the graphs any standout
subgroups of students will be identified, and their comments in response to the openended questions on the questionnaire can be further investigated to round out the
pictures that emerge.
In other words, the box plots in Appendix F will be further split by computing
background. The cell sizes are quite small when this is done, so box plots (Appendix G)
do not appear to be the best way to show these trends. For the discussion here I have
used line graphs of means instead. The small cell sizes again need to be taken into
account.
In Figure 6.8, there are, I believe, two important features. First, the average scores in
this first component, “GAIN_TOOL”, or “I gained a useful tool”, are mostly higher for
students with low computing experience. Also, as the intention to make personal
meaning increases from Category B to C to D, there appears to be a reducing effect of
having a high computing background, with the widest gap in Category D. Regarding
this result as a lens for looking at the qualitative data I located what the students in
Category D said about their Mathematica experience. The distinguishing feature of
Category D is the intention to make personal meaning from one’s studies in
mathematics, and this came through in the students’ comments.
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Figure 6.8
Line graph of means on the first component “GAIN_TOOL”, by Categories of
engagement in mathematical learning, shown separately for Low and High
computing experience.
The comments below are responses to the open-ended questions on the survey:
“Overall, how would you describe your experience with Mathematica in your first
semester?” and “What do you think the staff could do to improve your experiences of
learning Mathematics with Mathematica?” The comments are from students in
Category D with low computing backgrounds – ordered from highest to lowest scores
on Component 1 (“GAIN_TOOL”: I gained a useful tool).
Description of experiences: It was fun once you understood the task and worked with a partner
to try and solve the problem/task.
Staff could: (blank)
Description of experiences: Frustrating, yet the amount of time I spent on it gave me some
insights as to how it works. I believe that it will be a while before my mathematics knowledge
allows all of Mathematica to be exploited.
Staff could: Not much. I am a firm believer that students must work things out for themselves.
Description of experiences: It was interesting, although, I would like to buy the software and try
to learn its potentials at home.
Staff could: Provide more computers.
Description of experiences: Very frustrating at times. I could see how it would be very useful in
helping with some maths but with the little time we had with it I wasn’t able to get a hang of it
very well.
Staff could: More time spent on explaining how to use Mathematica, and how to fix problems
with it.
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Description of experiences: I found it quite difficult and could not spend much time on it because
I did not have the software at home.
Staff could: (blank)

There is evidence of multiple purposes, multiple motivating ‘objects’. Working with the
CAS is about “solving the problem/task”, and about gaining “some insights as to how it
works”, and about using it “in helping with some maths”. A common theme here is the
willingness to engage, and in most cases an independent attitude is indicated. These
students could see the potential for using the software and judging from their high
scores on Component 1 they realised that potential in their own work. This indicates a
subjective, motivating ‘object’ of meaning making with the CAS. There is a difference
in the following comments that were made by students in Category D with high
computing backgrounds. Again these are ordered by scores on the component
“GAIN_TOOL”, which I am interpreting as appropriation of the tool for personal use.
These students’ scores were mostly lower than the previous group, indicating that even
though they had a high computing background and the intention to make personal
meaning in their mathematical study, they did not often use the software for their own
work in mathematics. Note that they comment about the tasks they were set:
Description of experiences: The tutes were good, but the assignment was a HORROR!!!
Staff could: Limit the no. of tutes for just inputting data directly from the sheet into
Mathematica, and increase tutes where reasoning and finding calculation are needed instead of
inputting data.
Description of experiences: Frustrating at times, but strangely satisfying at times. However, the
tute work didn’t involve or allow much understanding, simply copying from a page.
Staff could: Demonstrate a wider variety of commands and the help facility.
Description of experiences: It was a bit slow – you may as well have done the questions by
yourself. It was useful for checking.
Staff could: Compile an alphabetized list of useful commands available in the computer labs,
perhaps.
Description of experiences: Excellent
Staff could: N/A

The copying from a page and inputting refer to a set of tasks developed for students to
use in tutorials. These were used by the mathematics and engineering students, while
the science students had labs where Mathematica commands relevant to their current
lecture work were used to solve routine problems. For the mathematics and engineering
students, problems of real world relevance were presented in written form in paper
booklets along with solutions with Mathematica, and students were expected to type in
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the solutions step by step and follow the reasoning. The lecturer’s intentions in
designing this material are more fully described in Chapter 8. Many students found it
tedious and time consuming. The responses suggest the possibility that students with a
high computing background and a high level of engagement in mathematical learning
expected to be able to pick up the new software easily and use it in a creative way, and
were frustrated when the task demands were of a different nature. Although not explicit
in the students’ comments above, another possible reason for the low scores on this
component “I gained a useful tool” among students with high computing backgrounds
could be that they already had sufficient skills in some other software, such as the
spreadsheet program Excel, which they used to support their mathematical learning.9 It
would be an interesting issue for a follow up study to investigate how experienced
students view the possibilities of using various different software programs for aspects
of their mathematical work. My colleagues and I have observed that older students often
use a spreadsheet to support their investigations.
In Figure 6.9, the graph showing component scores on the second component,
“HELPFUL_WORTHWHILE” (It was worth the time spent on it). The interesting
features here are the differences for students with high and low computing scores in
Categories A and C.

9

I am grateful to Debbie Street for this observation. (D. Street, personal communication, March 3, 2004).
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Mean (2) It was worth the time spent on it
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Figure 6.9
Line graph of Line graph of means on the second component
“HELPFUL_WORTHWHILE”, by Categories of engagement in mathematical
learning, shown separately for Low and High computing experience.
Students in Category A have indicated an operational and surface approach to learning
mathematics (relying on the practice of routine exercises). It would be consistent with
this approach for such students to resent the time spent on Mathematica unless some
other feature of their personal history was taken into consideration – and we see just that
with high computing background students having higher scores on this dimension of the
CAS experience than students with low computing backgrounds. The comments made
on the open-ended questions by students with low computing background are:
Description of experiences: With very little background in maths computing I found it very
difficult to get into the program and find out how it worked. Overall it was very frustrating and
unclear.
Staff could: More explanation of how to use the program would be excellent. It felt very much
like we were expected to already be familiar with the program before we started, which very few
of us were.
Description of experiences: Okay, not appealing, I guess I did learn something but I can’t really
use it to my advantage, yet.
Staff could: (blank)
Description of experiences: Not enough time spent to make it a useful tool. Therefore very
unfortunate.
Staff could: The most stupid thing is the fact that we’re using MiniTab now.
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Description of experiences: Good.
Staff could: (blank)

[Unfortunately there are not many comments here. Some of the students
in Category A and with low computing background did not give answers
to the open-ended questions.10 The next three comments were made by
students in Category A and with low computing experience, but who left
out some answers to the questionnaire about Mathematica so they do not
have component scores. I am including them to give more information
about the overall experiences of the students in Category A who had low
computing backgrounds.]
Description of experiences: Personally I’m not really good at using computer programs,
mathematical or otherwise so it was not a good experience.
Staff could: Explain more thoroughly the commands.
Description of experiences: A waste of time.
Staff could: increase practical help and provide more practice.
Description of experiences: I didn’t spend much time on Mathematica. I left it all up to the last
day. Therefore it was frustrating, as I couldn’t ask questions.
Staff could: Have the Mathematica tutorials in the week before the assignment is due. Then at
that time we would have attempted the assignment.

These comments indicate that these students did not, overall, enjoy their experience.
They found the software too difficult for them to understand without more time and help
from staff. Many of their frustrations are at the operational level – just getting the CAS
to work. The third comment – about learning Mini Tab – is from an Engineering student
and indicates not only a lack of computing experience in terms of personal competence,
but also lack of experience about learning with computers. This student seems to be
unaware that there will be many different software programs that a professional
engineer might meet in his or her training. It should be noted, however, that this
subgroup did demonstrate a high score on the first component, and that would indicate
that many said they had used the tool for their own use and that it had helped them make
personal meaning in the mathematics subject they were studying. Although the students’
comments do not explain why, an answer consistent with activity theory is that personal
growth, in this case towards becoming a user of a new tool, is obtained at some cost and
often discomfort.
10

A consequence of this is that the high average score on Component 1 (“GAIN_TOOL”) belonging to
students in Category A with low computing backgrounds, (see Figure 6.8) is not able to investigated in
depth via the written comments. It does not seem to be explained by the four comments above.
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Below are the comments from students in Category A with high computing
backgrounds. I have ordered them from positive overall experiences to negative, to try
to see if there is something else linking these comments.
Description of experiences: Great!
Staff could: I can see how students who are computer illiterate may have a steep learning
curve…How about a simple guide that covers basics of saving files etc, use of Mathematica
interface (not just the commands.)
Description of experiences: I had fun working with the software. Learnt the basics which was
good.
Staff could: Have more labs.
Description of experiences: Interesting and useful.
Staff could: More assignments.
Description of experiences: It’s been OK, quicker for some questions we had to do.
Staff could: Explain it better.
Description of experiences: The overall experience was fun, but when you (had) a “wrong”
message come up, it didn’t tell us how to fix the problem, just gave lots of numbers, etc. It may
also of helped if certain tutors knew something about the program.
Staff could: As above, get tutors who know how to use Mathematica. But overall, the staff were a
great help in other areas of the subject.
Description of experiences: Frustrating at first but helpful and worthwhile.
Staff could: Show more example on what we are able to do with Mathematica.
Description of experiences: It was hard to use and required a lot of work to operate. It was
however useful for basic and tedious calculations in other assignments, but I had trouble
applying it to complex problems.
Staff could: More closely relate the Mathematica tutorials to the Mathematica assignments.
Description of experiences: (blank)
Staff could: Edit out the bullshit! I do a finance course, so why bother teaching me trigonometry
and volume, when a more useful and relevant area of math could be done on Mathematica!
Description of experiences: Painful. A lot of effort went into learning the syntax and in the
assignments this meant trying to get it to work instead of trying to get the right answer.
Staff could: Some handouts of how to use Mathematica.

My conclusion here is that even with the same (high) computing background and
sharing the same (surface) approach to learning mathematics, the students in this group
report a wide variety of experiences. The students with positive comments saw the
usefulness of the CAS. In activity theory terms, they must have been able to achieve the
goals they set for themselves in this context. Some of the comments indicate that that
may have been to use it for straightforward calculations to avoid tedious pen and paper
work. Those who found it frustrating mention syntax problems and needing more help,
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common themes also with the students with low computing backgrounds. There are also
comments relating to a perceived lack of suitable context from which personal goals
might be constructed, for example in the case of the finance student who does not want
to know about trigonometry and volume. Perhaps a Mathematica assignment about
financial time series analysis over cycles would be a useful way to involve this student
in trigonometry. Students cannot form personal, motivating ‘objects’ leading to high
engagement with a CAS in a context that they subjectively find is in conflict with their
motivations for taking the course.
Figure 6.9 shows a dip in the scores for high computing experience students in Category
C. Unfortunately there are only three comments in the data here, and so the reason for
the dip can only be conjectured. Here are the responses from the high computing
background students in this category who gave comments:
Description of experiences: (Note that this student had an extreme score of –2.4 on this
component).
Mathematica I found was a difficult program to master. The tutors did not care if we didn’t
understand it and I always panic about Mathematica assignments. You always have to go out of
your own time to learn the program rather than learn it in tutorial classes.
Staff could: Be more helpful in answering problems and make more easier assignments.
Mathematica I think needs to be scrapped!!
Description of experiences: Very frustrating, but useful.
Staff could: Put more time into it.
Description of experiences: Good. I can see its use as a tool in industry. We should have more of
a chance to learn with staff aid before a major assignment such as Math Modelling 1.
Staff could: Lab sessions (A few more.) Tutors were restricted in their advice during assignment.

These are three of the students located in Figure 6.3 earlier in this chapter. They had low
scores on Item 11 “When I get an unexpected output or error message from
Mathematica I try to work out the reasons why before changing my input” and high
scores on Item 46 “Using Mathematica did nothing to help my mathematical
understanding”. They also had higher scores on the surface approach to learning scale
than on the deep approach to learning scale. They were successful mathematics students
in a pen and paper environment. The dip in Figure 6.9 shows that for these students,
their high computing background did not translate into finding this CAS experience
worthwhile, possibly because they resented the time spent on it at the expense of “real”
mathematics.
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It is useful to remember here that having a high computing background does not
necessarily mean that a student will find the CAS easy to learn. Graph (3) in
Appendix E shows an overlap in scores even though there is a statistical difference as
mentioned earlier in this chapter. Recalling that students in Category C prefer to talk to
others (peers, staff) as part of their learning of mathematics, it seems to be the case that
the students whose comments are reported here found the new CAS difficult and felt let
down by the tutors in this semester. But why did those with low computing background
score higher on this component in this category? It may be partly explained by the
different sizes of the sub-groups: twelve “low computing background” students with
scores here compared to only five with “high computing background”. With small
numbers, an extreme score will have a large effect on the mean.
Rather than repeat all the students’ comments here from those in the “low computing
experience” subgroup, I can summarise the more positive ones by saying they enjoyed
the work and saw the usefulness of the CAS. This is an illustration:
Description of experiences: Useful to learn a mathematical computer package. Good to see how
to use it with real life problems. Useful in checking answers from maths exercises. Assignment
also demonstrated Mathematica’s use with real world problems. Good to be involved with other
students and swap and compare Mathematica techniques.
Staff could: More tutors in Maths Study Centre – more people to be able to approach with
difficulties (times that lecturers/tutors are available outside class times is quite limited.) Extra
maths tutorials are always most helpful.

As this student’s comments show, with the personal ‘object’ of learning a tool that will
be useful in current mathematical work and also in the future, and with a social support
of peers and staff that suited this students’ learning approach, the CAS experience was
judged to be worthwhile. It could also be concluded that this particular student had
multiple personal ‘objects’ in her learning with the CAS: to learn a mathematical
computer package, to find out about real world applications, to check answers from her
pen and paper exercises, to be involved with other people in her learning.
Component 3, “EASY” (“I found it easy and fun”), is the third dimension of CAS
experience to emerge from the principal component analysis. The items that loaded
most strongly on this component were: 37 “ I found that Mathematica was easy to use”,
50 “I found it easy to learn Mathematica because of my previous experience with
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computers”, 47 “Mathematica was fun” and 6 “We did not have enough instruction on
how to use Mathematica” (Reversed).
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Figure 6.10
Line graph of means of scores on Component 3 “EASY”, by Categories of
engagement in mathematical learning and separated by high and low computing
background.
As expected, the graph for high computing background students is mostly higher than
the graph for low computing background students. The most prominent feature here is
the dip in the graph for students with high computing background in Category D.
Comments from these students were considered earlier in this chapter after Figure 6.8.
A possible explanation is that these students were frustrated by the tasks set for them.
There is also a large difference in the reported experience of students in Category B
when high and low computing backgrounds are contrasted. Students in Category B
reported learning by practising examples and reading notes. Like students in Category A
this means that in mathematics these students have been successful by relying on
memory and learning routines. I have underlined in the following quotes some phrases
that indicate they expected to use the same operations with the CAS. Here are the

149

CHAPTER 6

comments from the students in Category B with the ten most negative scores on
Component 3 (EASY), with the most negative scores first:
Description of experiences: Sometimes it’s frustrating when I forget to type in a letter/ the right
commands and it shows a list of errors but not really explaining what should I do to fix it up. But
it’s a good experience. However, I wouldn’t want to do it again.
Staff could: Have more experience teachers in maths learning centre. Teach us more on the
commands of Mathematica a bit more.
Description of experiences: I found it hard to understand how Mathematica works.
Staff could: (blank)
Description of experiences: Time could be spent on more useful learning in maths or other
subjects.
Staff could: Give examples and solutions on mathematical problems.
Description of experiences: It was difficult to learn and remember all the command. [sic]
Staff could: More time spend on teaching Mathematica skills.
Description of experiences: Good once I got the hang of the program.
Staff could: A set of worked tutorials perhaps.
Description of experiences: Confusing, frustrating, but satisfying once an answer has been found
especially when from gut feelings, you feel it is correct and that what you have done is correct.
Also good in that there is a lot of interaction between all the students; complete strangers asking
for advice/help because they saw you (or you saw them) in a lecture.
Staff could: Not much. As long as a maths department staff member is available when you need
them. I found help from other students was sufficient for the assignment and the Mathematica
book, from the co-op bookshop a good aid.
Description of experiences: I don’t think the software liked me.
Staff could: Have tutors who can understand the questions you ask and explain things so you
can understand.
Description of experiences: I had real trouble using this program. I frequently spent over 3
hours per week trying to complete the Mathematica sections of Assignments, which also led to
the problem of finding time when there would be free computers available to complete this work.
Staff could: The lab tutor could have been more helpful.
Description of experiences: Tedious
Staff could: Maybe.
Description of experiences: Frustrating, time consuming
Staff could: Teach us how to input correctly instead of learning from sheets.

The difficulties the students had are clear and many also wanted more direct teaching
about the software and more helpful tutors. The concern about memorising is consistent
with Category A actions. The requests for worked solutions and examples fit with the
preference for using notes and worked examples that was used to define the “boundary”
between Category A and Category B responses. For comparison, here are comments
from the students in Category B with high computing backgrounds who had positive
scores on Component 3, ordered from highest to lowest:
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Description of experiences: Frustrating.
Staff could: (blank)
Description of experiences: It was a bit confusing at first. But I enjoyed working in groups.
Staff could: Explain in more details how it actually works and why we actually do it.
Description of experiences: A very functional tool that allows analysis of problems when the
solution is unknown
Staff could: Use Mathematica more in exam material and provide lectures dedicated to its use
via laptop/projector.
Description of experiences: Good.
Staff could: More tutorial explanations on what you’re actually doing.
Description of experiences: It was a good learning experience, since I was satisfied once I
finished the assignment to the best of my ability.
Staff could: Having lectures with laptops – using Mathematica but still have the normal
overheads as well.
Description of experiences: It was quite difficult to use at first, but I got used to it after a while. I
didn’t like how it “beeped” at you when you mistyped a command – frustrating.
Staff could: Give us a complete list of input functions we need for Mathematica, that would make
it easier for me, because I often forgot the commands. Have the tutor explain Mathematica
better. Maybe on-line tutorials, so we could work on Mathematica at home or whenever we
wanted to.
Description of experiences: A worthwhile learning experience.
Staff could: Like most software packages they have a large learning curve attached to them. I
believe that it would be more beneficial to learn Mathematica as a separate subject i.e. a corequisite to the main mathematics subject. The reason for this is that if one had more time to
learn to use such a program it would be more beneficial to further learning.
Description of experiences: Fine, I didn’t get a chance to so as much as I would have liked to in
Mathematica due to time constraints.
Staff could: Just be there when extra questions arise as we go along.

On the whole these comments are positive. More time was often requested. Time is
essential for meaning making, of course. Perhaps with more time these students, used to
a low level approach in mathematical study, may have been encouraged towards more
meaningful activity.
An issue that arises from this last set of student responses is the need for high computer
background students who found the CAS easy to use to be assisted to determine for
themselves a purpose for their Mathematica experiences. That would help them to form
personal ‘objects’ that lead to engagement at the action level. The previous group of
students, with low computing backgrounds, seem to be stuck at the operational level and
concerned with the conditions of the operations – for example, frustration with syntax,
difficulty in getting help.
151

CHAPTER 6

The fourth aspect of CAS experience from the principal component analysis is
“WITH_OTHERS” (I enjoyed learning with others). This is illustrated in Figure 6.11
below.
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Figure 6.11
Line graph of means of scores on Component 4 “WITH_OTHERS”, by a
Categories of engagement in mathematical learning and separated by high and
low computing background.
The trend in Figure 6.11 is as expected, with highest scores from students in Category
C: the students who include working with others and consulting staff in their approach
to learning. An interesting contrast is the way that the five students in Category C with
high computing backgrounds scored very highly on Component 4 (“WITH_OTHERS”:
I enjoyed learning with others) and very low on Component 2
(“HELPFUL_WORTHWHILE”: It was worth the time spent on it). Because of the
small cell size any interpretations should be made with caution. However it does
emphasise the importance to these students of the interactive aspects of their preferred
learning style. They may have enjoyed the experience, but may also have preferred to
spend the time on pen and paper routines.

152

CHAPTER 6

In this section of this chapter, I have used two theoretical and analytical “lenses” to look
at scores on components that emerged from a principal component analysis of the
quantitative responses to a selection of items on the Mathematica Experience
Questionnaire. The lenses were:
(1)

Four Categories of engagement in mathematical learning, constructed
in a manner inspired by phenomenography.

(2)

Students’ self report of their computing experience, responding to the
question “Overall, how would you rate your own computing
background and experience? – Very limited / adequate for my study
needs / more than adequate for my study needs / extensive”. The first
two were classified as “low”, the second two were classified as
“high”.

When these two “lenses” are combined, various sub-groups of students can be
identified. Then student comments in the form of responses to open-ended questions on
the Mathematica Experience Questionnaire reveal a wide and complex set of
experiences with the CAS Mathematica, most of which can be explained with the
language of activity theory and activity systems.
At this point it is useful to examine the assumptions made in my analysis and to be
reflexive. Small cell sizes in the subgroups, and missing data, need to be considered.
Also there were some cases when the comments of students in identified subgroups did
not seem to explain the location of that subgroup on various graphs. In particular, the
high score on the first component “GAIN_TOOL: I gained a useful tool”, of students
with a low computing background and in Category A seemed puzzling. The Categories
of engagement in mathematical learning are social constructions, and so are the
concepts of surface approach to learning and deep approach to learning. At various
points in this chapter it has seemed that the reported actions and comments of students
in Category A were similar to a surface approach, (focussed mainly on reproducing),
and that the reported actions and comments of students in Category D were similar to a
deep approach (towards making personal meaning). Towards the end of Chapter 5,
however, it was clear from the diagrams that there are no clear divisions, more a
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gradation across the categories, when scores on the surface approach and deep approach
scales are plotted. This suggests that a fourth lens related to approaches to study may be
useful for looking at the component scores from the principal component analysis.
Biggs (1999, p. 17) emphasises that surface and deep approaches are not fixed
characteristics of students. People choose to use either approach or indeed a
combination when they judge it strategic to do so in certain learning and assessment
situations. However, people do have predilections for different approaches. Habitually a
person may have a tendency towards a combination of a low surface approach and a
high deep approach at one extreme, and a high surface approach with a low deep
approach at another extreme.
From the scores on the surface approach and deep approach subscale, I located those
students below the mean on one of these aspects and above the mean on the other. I
called these two groups of students “High Surface Low Deep” and “High Deep Low
Surface”, as described in Chapter 5. As indicated in Figure 5.5, these are not exactly the
same as any particular combination of my Categories of engagement in mathematical
learning.
I repeated the analysis of the scores on each of the four components that summarised the
Mathematica experience questionnaire, using the two groups High Surface Low Deep,
(17 students), and High Deep Low Surface, (38 students). For comparison with the
previous analysis I filtered out the students in category “U” (not classified because of
missing information). The results are shown in Figures 6.12, 6.13, 6.14, and 6.15. Table
6.4 below shows the numbers of students in each subgroup. Note that the cell sizes for
the subgroups of students are small.
Table 6.4
Numbers of students in each subgroup for Figures 6.12-6.15.
SSDD * Computing experience Crosstabulation
Count

SSDD
Total

Hi SurfLo Deep
HiDeepLoSurf

Computing experience
low
high
11
7
23
18
34
25

Total
18
41
59
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Figure 6.12
Mean scores on “GAIN_TOOL: I gained a useful tool”, for the four groups
Surface Approach, (High and Low computing background), and Deep Approach
(High and Low computing background).
The items that loaded most highly on the first component were 35: “I have used
Mathematica to investigate mathematical questions of my own that arose in other
subjects”, 34: “I have been able to use Mathematica in completing set work for other
subjects”, and 19: “I often used Mathematica to check my calculations when working
on my own on other parts of the subject”. In Figure 6.12, as was shown in Figure 6.8,
there is a diminishing effect of high computing background as the intention to make
personal meaning in mathematics increases. Students with deep approaches to learning
mathematics and a low computing background reported that they appropriated the tool.
In other words, if a student had a strong purpose (subjective ‘object’) that involved
meaning making, they were able to overcome a low computing background to find uses
for learning how to use the software.
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Mean (2) It was worth the time spent on it
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Figure 6.13
Mean scores on “HELPFUL_WORTHWHILE: It was worth the time spent on
it”, for the four groups Surface Approach, (High and Low computing
background), and Deep Approach (High and Low computing background).
The items that loaded most highly on Component 2 “HELPFUL_WORTHWHILE: It
was worth the time spent on it” are 25: “Mathematica takes so long to learn that it is not
really helpful” (Reversed), 43: “The difficulty in using Mathematica made it almost not
worthwhile doing” (Reversed) and 22 “Getting the right output from Mathematica is
largely a matter of trial and error” (Reversed).
The second component scores for all the subgroups shown here are above the mean.
Although the high computing background students are more likely to agree that it was
worth spending time on learning the CAS, the difference is exaggerated by the vertical
scale in this particular graph.
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Figure 6.14
Mean scores on “EASY: I found it easy and fun”, for the four groups Surface
Approach, (High and Low computing background), and Deep Approach (High
and Low computing background).
On the third component, “EASY: I found it easy and fun”, computing background has
more effect than approach to study. The items that loaded most highly on this
component were 37, “I found that Mathematica was easy to use”, 50 “I found it easy to
learn Mathematica because of my previous experience with computers”, and 47
“Mathematica was fun”. The mean for all students is close to zero on these standardised
scores. Note that low computing experience subgroups are consistently below the mean
while high computing experience subgroups are consistently above the mean.
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Figure 6.15
Mean scores on “WITH_OTHERS: I enjoyed learning with others”, for the four
groups Surface Approach, (High and Low computing background), and Deep
Approach (High and Low computing background).
On the fourth component, “WITH_OTHERS: I enjoyed learning with others”, approach
to study had more effect than computing background. The items that loaded most
strongly on this component were 29, “Because of Mathematica, I had interesting
conversations with others about mathematics”, 28 “I enjoyed discussing Mathematica
with other students”, and 55 “Working with others on Mathematica was a positive
experience”. Note that this component is not just about preferring to work in groups.
Item 29 reflects the possibility that the CAS can be the stimulus for discussion about
mathematics.

158

CHAPTER 6

Summary of main observations:
1. Finding the CAS easy to use is not the same as actually using it beyond the set
tasks. In other words, appropriating the tool for one’s own use is not
automatically done just because one finds the tool easy to use for required work.
Appropriation occurs for a purpose. That purpose might be to use the CAS to
avoid tedious calculations, or to learn to use the tool if it is judged to be useful to
one’s future career goals.
2. When the feature of actually using the tool beyond the required tasks (as
indicated by Component 1, “GAIN_TOOL”), the importance of having a high
computer background diminishes as the intention to make personal meaning in
one’s mathematical studies increases. Some students in Category D reported that
they overcame the obstacle of a low computing background to appropriate the
tool – actually invested time and energy in completing the set assignments and
labs and used the tool for other work. These tended to be independent learners
who could see how the tool could be used within mathematics, even if they felt
that they needed more time before they could use it more themselves.
3. Many students in various categories reported frustration with learning the syntax
of the CAS in the time allowed and under the conditions they found themselves
– this may have been due to the stress of completing the assignment tasks in
some of the subjects. Student comments indicate that the story may have been
different if they had had more time to learn the software and different tasks.
4. For some students, but especially those with high computing backgrounds who
may not have had such high levels of frustration with the operational demands of
learning a new computing language, the kinds of tasks they were set meant that
the purposes of learning the software were sometimes not aligned with personal
goals. These students wanted to see where the CAS would be directly used in
their future careers.
5. Students with a surface approach to learning mathematics and a low computing
background did not, on the whole, enjoy their CAS experiences.
6. Regarding the social plane, there were many calls for more help from tutors.
Students who relied on getting help from others in their mathematical learning
(mostly Category C), enjoyed the social aspects of the discussion about and
around the mathematical tasks completed with Mathematica. These students also
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had high scores on Component 3 (“EASY”). The sub group from Category C
with high computing backgrounds had low scores on Component 2
(“HELPFUL_WORTHWHILE”). A possible interpretation is that these
students, used to and expecting to get assistance with their work, were very
annoyed by the lack of help available with assessment tasks.
7. Students who reported positive experiences often had multiple ‘objects’. They
wanted to gain marks, but also wanted to understand the software and use it
where they could in their mathematical work. They overcame difficulties.
Looking for confirmation and challenges

The design of this research study was described in Chapter 4. Towards the end of that
chapter, the reasons for selecting students for interview were given. As those chosen
included only two from the same cohort that completed the survey, the interview data
cannot be regarded as representative of the experiences of those in the survey. However,
if the observations numbered 1 to 7 above are in any way useful in guiding future
planning for teaching and learning experiences with computer algebra systems, they do
need to be checked against a wider group of students with similar, if not the same,
experiences with the CAS Mathematica.
At this stage, then, I will interrogate the interview data looking for evidence of
agreement and also of disagreement with the observations above. For reference,
Table 4.5 shows details of the interviewees: Note that Students S1 and S2 were in the
same cohort as the students who completed the survey, while the others did similar
subjects with similar Mathematica labs and tasks, and were interviewed one complete
semester later than Students S1 and S2.
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Now to the interviews, looking for quotes that confirm or challenge these observations.
(Challenging statements are in bold).
1. Finding the CAS easy to use on set tasks does not necessarily mean a student
will appropriate the tool for their own use. *
* It appears that the interviewees, who volunteered, were all enthusiasts for
Mathematica. It was not possible to find in the interview data any quotes about finding
the set work easy yet not using the CAS as a personal tool.
2. Appropriating the tool occurs if there is a purpose to doing so, a subjective,
motivating ‘object’.
Interviewer: So that would probably link in with the third aspect which I wanted to ask you about,
which is the way that Mathematica has become a personal tool for you. Something that you can
use.
S1: Yep, a little bit. A little bit. I, there were some, some of the integration questions, I did heaps
of integration revision and then stuffed up all the integration questions in the exam, actually! I did
that much, I ended up doing the even-numbered questions which there weren’t answers for. And I
used Mathematica to check some of those answers.
S1: Just getting back to that personal utility thing, I am assuming that Mathematica will be really
useful to me, and I want to get really good at using it. Because as far as work’s concerned,
afterwards I can imagine myself using a fair bit of Mathematica.
Interviewer: Well, it is designed as a research tool as much as for students.
S1: Yeah. I mean I’m amazingly impressed by it. I can remember thinking when, like at that
orientation thing where we did a bit of Mathematica I remember thinking “well, if there’s a
computer that does all the maths, what are we going to study?” (laughs)
Interviewer: So you actually used Mathematica yourself, to understand differential equations?
S2: Yeah.
Interviewer: Oh right, that’s good. Do you think that you would have done that anyway, or did it
help that you had used it in Maths 1?
S2: Well, basically it’s not that much help. It just like, according to like the books, you can work it
out by theory. But, as in like, you cannot describe it in you know, how, the physical term. When
you cannot tell whether this could [unclear] up or down, or how the thing gonna look like. [Sort of
what you need] like, what I’d use Mathematica for.
Interviewer: Right, so you used Mathematica for the visual impact?
S2: Yeah, the visual…

3. There was a high level of frustration in learning the syntax. This may have
been exacerbated by the conditions of this operational task: assessment demands,
lack of time, and access issues in particular.
Interviewer: …just overall about the relationship between Mathematica and the mathematics of
Maths 1 and Maths 2, any comments there?
S4: It’s, I sort of like, see there would be a relationship between those two things but in a sense I
don’t really understand it sometimes. When I learn differential equations I don’t really understand
the concept. At first I have to do the lab already, so I understand it afterward but during that time
I’m very [unclear] because it, it’s very uphill and sometimes all the code and other stuff I don’t,
there’s a dash or square bracket around ….. “what the heck is that….?” The mathematics I’m
doing in the lecture it’s like it’s a different formula so sometimes it’s not easy to see a relationship
between those two.
[Note: this seems to be about the difference between a Mathematica lab on differential equations
that was timetabled before the relevant lecture class.]
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4. Many students disliked the nature of the set tasks when lots of typing was
involved, copying from the page, and were not able to form personal ‘objects’
congruent with the tasks.
Interviewer: Right, so you’re saying there’s not enough time even to do the sheets?
S2: Yeah, so people come and they just type it up and then just get out of the room. So they
wouldn’t have, like, think of [unclear] what’s going to happen. And the whole what’s, the theory
behind it.
Interviewer: Yeah, right. Was that for all of those things or were some worse than others or some
better than others?
S2: Oh, I don’t know but mainly, everyone just, they type it up and they just left.
Interviewer: Right. So most of the time was just spent typing rather than thinking?
S2: Yeah, typing, yeah.
Interviewer: …do you remember the other labs that you did? Or anything about them, or…
S7: I can’t really remember how the “Risky Business” worked but I just have an idea it’s basically
showing the graph, like how the, for example the interest rate [exactly] how it goes? Yeah. But in
[real world] I don’t really know if this programme is, they apply in the real world. Yeah.
Interviewer: Um, so you have doubts about whether it’s actually used by people in the business?
S7: Yeah. Because sometimes it’s a bit, I would say a bit um, I can’t remember the words (laughs)
Interviewer: That’s all right. Take your time, there’s no rush at all.
S7: It’s because, sometimes we have to like type the whole thing, it was a bit lengthy. It take, time
consuming.
Interviewer: Yes. So you think that in the real world people wouldn’t be typing….?
S7: Um, I’m not too sure because I have um, asked one of my ex tutors how they use, ah, what kind
of programme they use to show the graph. They, I can’t remember the programme she told me,
but it’s not, Mathematica’s not included so I just wonder if they would [really] use it in the
commercial world.
Interviewer: Did having an assignment to do require you to learn more about the…
S3: About Mathematica, definitely. Because in the labs, quite often you’d, literally a lot of it
you’re just typing in. Which is helpful, because you sort of get to visualise things, but doing the
assignment you actually had to think about how to use Mathematica, it helped a lot.
Interviewer: All right. And when you said you were typing in things in the labs, were there
occasionally times when you had to…
S3: There were times when you had to think and figure it out. But I mean especially, right at
the beginning. You’d basically walk in and type in what was on the sheet. But then as it
progressed there were more and more times where you had to actually think and figure out the
next bit yourself.
Interviewer [S5 had just been describing how he experimented with the CAS in the labs]:
And would that mean that you’d have to spend more than the one-hour on each lab?
S5: It didn’t mean that at all. Because the instructions are enough there, of course if anybody
ever needs assistance, it’s always there. And one hour is, it’s quite manageable there, for being
able to write, type in the basic programming code there and produce a certain result, and then to
experiment. It also depends on one’s typing capabilities, as well. And speed. But I always
found it, as an extra short cut is copying and pasting some commands as was also suggested, to
be able to shorten the whole process.
Interviewer: Yes. So did you read the lab before coming to the class?
S5: Yeah. I found reading the lab certainly helped. If one doesn’t read the labs, it’s very
difficult to just get in there in the class and get straight into it and know what you’re doing. You
need to actually study a bit of the passage there, to know exactly what’s going on. “What does it
mean in simple terms? What are we doing? We’re building a ship. We’re looking at financial
trends in stocks. We’re looking at what would happen to a roller coaster if there was no
resistance. What would that mean for the people about to go on the ride.”
Interviewer: So what you’re saying is reading the labs first gave you an overall picture of what
you were going to be doing, and what the purpose of it all was.
S5: That’s right. It does.
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My observation 4 above is not true for all students. Some did not see beyond the surface
features of the task, the typing and copying from the page, while some were able to
adapt to the different requirements of the task. These were the ones who read the lab
material before turning up, and thought more deeply about the content of the material.
5. Students with a low computing background and surface approach to learning
had poor experiences overall with the CAS.
S6: [Talking about other students] …so I would imagine that some of the students might not have
very much experience with computers at all. And in the early stages, before you realise that it’s
just sort of syntax and notation and when you get the syntax right you can get the computer to do
what you want, in the early stages I mean it’s fairly daunting. And they probably don’t want to go
near this piece of machinery that just gives them a hard time. Because…
Interviewer: Yes, that’s absolutely right. That came out in a lot of the earlier studies last year.
Frustration with the syntax is…
S6: Yes. But you can’t help that. Because it’s a machine, it’s not a person. And you know, well
OK, like until someone develops a decent fuzzy logic and neural network chip, I mean you’re going
to be stuck with having to write syntax that’s unambiguous. Because I can remember when I first
started writing a programme, sitting down at the computer for hours and hours and hours just
getting it to do really simple things. And I would imagine that if you’re doing something like that
with Mathematica I mean, someone could easily have the opposite point of view to me, than saying
“OK well I’ve sat here for 5 hours and I haven’t got it to do anything and in that time I could’ve
read half the textbook”. Whereas, probably because I’ve got a little bit more experience with the
syntax, it’s a bit easier for me to catch on to that sort of thing. And it’s a bit easier for me to get to
a stage where I can achieve some productivity for myself with it.

6. Students used to working with others and getting help were frustrated when
tutors could not or did not provide adequate assistance.
S4: And when we do it in groups right, it’s normal that one person is reading out what to type and
just another is typing so it doesn’t make a connection between the question and the answer, just,
they’re just doing it like you have to do it.
Interviewer: Aha. So it’s more a division of who does what than sharing ideas?
S4: Ah, we, me and my friends just [rarely share ideas] they just “type this, type that” and, but
there is like, I think it is the last part of the star trek one, when we don’t understand we have to talk
about it. In a sense the tutor is just go away to helping others so… when I would ask him a
question I would just put my hand up for say five minutes and he couldn’t answer us. Because he’s
busy answering other students’ questions. So forget, he know the code. So we just type in a whole
bunch of stuff and he’s [come here] and said that’s good, tick, that’s it.

7. Students who had a positive experience with the CAS often reported more than
one goal – getting marks as well as understanding mathematics, and working with
others. They could see the potential for the software within mathematics even if
they felt that they had not fully learnt to use all its capabilities themselves
Interviewer: (laughs) So your personal goal there was understanding but also a good mark.
S1: Yeah. And time. Not to spend too much time, yeah. Three angles.
Interviewer: Right. So, three things.
S1: And that I’m quite happy with. I’m quite happy with those 3 goals for this year too. To get
good marks, to understand what I’m doing and not spend too much time doing it.
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Conclusion

In this chapter, the qualitative and quantitative data from the Mathematica Experience
Questionnaire (MEQ) were sifted and analysed. Items with high and low means were
investigated and the results used to illuminate aspects of the activity system model for
learning mathematics and first year university. From an exploratory principal
component analysis of 29 items in the MEQ four components were interpreted. These
were:
(1) I gained a useful tool

GAIN_TOOL

(2) It was worth the time spent on it

HELPFUL_WORTHWHILE

(3) I found it easy and fun

EASY

(4) I enjoyed learning with others

WITH_OTHERS

Different patterns of experience were identified for subgroups of students when scores
on these components were analysed by Categories of engagement in mathematical
learning alongside computing background. Some of these patterns were more
comprehensible when the related comments of the students involved were located.
Seven observations were made and extracts from interviews with students supported six
of those.
The participating students in this study reported a wide range of experiences with the
computer algebra system Mathematica. Some had very positive introductions to this
new mathematical tool and were able to use it for their own purposes, others were
frustrated by aspects of the experience that were largely outside their control.
My theoretical framework of activity theory allows the mapping of many of these
experiences and this will be undertaken further in the final chapter.
In the next chapter, Chapter 7, the particular experiences of a large subgroup of
students, those in the subject with the best return rate on the survey, will be examined.
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CHAPTER 7
A CASE STUDY: THE STUDENTS IN SUBJECT 1.

Introduction
This chapter describes as an activity system the learning environment and activities for
a mainstream first year, first semester calculus subject. Various questions regarding the
model arise: how do students in mathematics classes at university position themselves
in the assessment context? How is this influenced by their previous experiences in
mathematics? Using the activity system model as a background, data from the survey
are interpreted. Subject 1 was chosen for a separate case study because there was a high
participation rate in the survey for students in this subject. This is the mainstream
calculus subject, taken by students in the degree courses of Bachelor of Science in
Mathematics, Bachelor of Mathematics and Computing, and Bachelor of Mathematics
and Finance. Quantitative data have been analysed for this chapter, as the sample is
sufficiently representative to give confidence in generalising the results at least as far as
the rest of this class.
The model
In Chapter 3, a model was proposed of an activity system for the activity of
participation in first year mathematics courses (Figure 3.2). My data illustrate the
features of that model for the current case study.
Descriptions of elements of this model for the Case study of students in Subject 1
The students who participated
There were 95 students enrolled in this subject in the relevant semester, and of those 87
attempted the final exam. Of these 87, 56 returned completed surveys with student
numbers that enabled the collection of assessment data, which is a return rate of 64%.
(The students filled in the surveys during a class in the follow-on subject, early in the
consecutive semester.) An issue that arises is whether or not the sample of 56 is
representative of the students in the class. From the data available from student records,
it appears that the sample may be under-representative of students who failed the
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subject. An attempt had been made to include such students by also distributing surveys
to the repeating class in the relevant semester, so it is likely that the students who are
under-represented are students who failed the subject and then dropped out of
university, or changed their enrolled degree course.
Descriptive data for the sample are shown in Appendix H. Of interest are the high
proportion of students not coming directly from high school in NSW (39%), the fact
that 43% do not speak English as their main home language, and a nearly equal
distribution of females (46%) and males (54%). All except two students reported having
access to a computer at home. The percentages answering “yes” to the questions “Do
you regard yourself as a competent user of any of the following software” are:
Spreadsheets

50%

Mathematical Software

38%

Word Processing

93%

What motivates these students? Does the activity system model help to understand the
distribution of categories for engagement in learning mathematics?
In Chapter 5 the construction of categories of engagement in learning mathematics was
described. This construction was carried out in a manner inspired by phenomenographic
techniques by myself and three volunteers, based on the answers students gave to openended questions about how they studied mathematics, their reasons for any methods
they described, and what they thought was necessary for success in mathematics. Of the
responses from students in Subject 1, these were the numbers in the groupings, and
Figure 7.1 shows the percentages:
A: Rely on doing exercises
B: A plus reading notes, worked examples etc

9
29

C: A plus B plus ask others

9

D: A plus B plus C plus focus on making personal meaning

5

U: Unclassified - lack of data or confusing statements:

4

TOTAL:

56
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Percentage of students
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Categories of engagement in mathematical learning

Figure 7.1
The categories of engagement in mathematical learning for students in Subject 1.
What stands out for me here is the low number of students who say they are mainly
interested in making personal meaning for themselves. I suggest a key to that can be
found in the contexts of the situation in which the students are situated – the relations
indicated by the nodes of the activity system involving community, rules, and division
of labour. These students are one group of participants in an activity system that over
many years has evolved a transmissive mode of instruction. Other aspects of the system
support this – the lecture format of the classes, styles of examination, the administrative
structures and rules about progression. The majority of marks in this subject are for the
final three hour, pen and paper examination.
To understand an activity system we need to know what the subjects construct as their
personal ‘object’. Their image of the ‘object’ then motivates the activity and is
transformed through the interactions with the other elements of the activity system.
Faced with the requirements of the assessment in this subject what do students make
their personal object? Past exam papers are available from the library and these and the
class tests are, in my opinion, clearly based on the application of standard problem
solving routines requiring the recall of key definitions and formulas and the application
of three or four steps. The textbook exercises that form the main “work” that students
are expected to do are also of this kind. So it is not surprising that students would see
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the subject as involving more of the same processes to which they were conditioned at
school. One exception is the matter of calculators. After many years of school
mathematics during which students have become quite reliant on calculators, the
students were surprised that for the tests and examination in this subject in the semester
under consideration here, calculators were not permitted.
Returning to the question of students and their personal ‘object(s)’ in the activity
system, some answers are found from the responses to the open-ended questions in the
survey that were used to construct the categories of engagement in mathematical
learning. The questions were:
1. How do you usually go about learning some maths? It may help to think about
some maths you understood really well. How did you go about learning that?
2. Regarding your answer to Question 1, why did you choose those methods?
3. What do you think is needed to be successful at learning mathematics?
For the students in Category A who mainly referred to operations (memorising
formulae, practising exercises), the conditions of the assessment constrain the actions of
the students. Their motivating ‘object’ is the assessment itself, just as Engeström (1987)
predicted in his analysis (discussed in Chapter 2), of the activity of school going. In
Category B, low-level actions such as studying worked examples with the intention of
learning the steps were reported, along with the operations of Category A. More than
half of the class was judged to be located in these two categories. Students in Category
C were also reporting the operational work, but the action of talking to other people
about mathematics was interpreted as an indication of increased engagement. The
personal goals appeared to include learning by imitation (working from worked
solutions prepared by others), and also possibly learning for understanding, but the chief
intention was still to be able to reproduce that learning in an exam. Then the few
students in Category D have the making of personal meaning as their subjective,
motivating ‘object’, possibly even outweighing the aim of achieving success in the
formal assessment. I interpret this variety and range of personal, motivating ‘objects’ as
a very important aspect of the activity system. The goals are constituted by the students
in the context of the assessment conditions, and are not, I believe, just due to
independent individual differences in motivation. As described earlier, personal,
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subjective ‘objects’ motivate the activity and give reasons for the selection of goals for
actions. As the personal ‘object’ changes, so will students’ goals, and the actions that
are directed towards those goals.
Other elements of the activity system: the Community, the Rules, the Division of Labour
The staff also construct personal, subjective ‘objects’ that are congruent with the
inherited structure of the subject. We can infer these from the actions of the lecturers
and tutors. As is standard practice at many universities, lecture notes were organised
around the textbook’s presentation of topics, and assignments included questions similar
to the final exam questions. The role of the lecturer included the presentation and
explanation of the material, the preparation of tests and exams, and the judging of
students’ achievements, along with related administrative tasks. Tutors’ roles included
supervising the Mathematica labs, assisting students in tutorials, and marking.
In Chapter 3, I proposed to consider the division of labour in this activity system in
terms of responsibilities for teaching, learning and assessing. Students in this subject
had two items of assessment marked by lecturers and tutors (the final examination and
the Mathematica assignment). They were also awarded a mark each week by their tutors
for attending the Mathematica labs and showing that they had attempted the lab work.
As well as this, fellow students marked the weekly tutorial assignments in tutorials. This
sends a strong message of relying on others to judge one’s understanding of the subject.
It could be asked how an assessment regime might be organised to encourage the
construction of subjective motivating ‘objects’ that are more aligned with making
personal meaning and understanding.
Now I turn to the statistical data collected from the survey, to find out what they can
contribute to the emerging picture of this class. The formal assessment marks form part
of the observable outcomes of the activity system.
Particular patterns in the data corresponding to results in Chapters 5 and 6
Results relating to formal assessment marks: Level of previous mathematics study
The proportions of survey participants in this subject who had studied 2, 3, and 4 Unit
mathematics or equivalent subjects are:
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2 Unit

(Basic algebra, trigonometry, geometry and calculus)

20%

3 Unit

(Includes and extends 2 Unit topics, also combinatorics)

57%

4 Unit

(Includes 2 and 3 Unit topics, also dynamics, complex numbers)

23%

As described in Chapter 5, the level of mathematics studied at school did influence the
final assessment mark in this subject. A Kruskal-Wallis test was conducted to evaluate
differences between the three HSC Mathematics subject groups (2 Unit, 3 Unit and 4
Unit) on the final examination mark for the subject. The test was significant, chi square
(N=56) = 15.86, p < 0.001. Post hoc pairwise comparisons using Mann-Whitney
demonstrated a significant difference between the 2 Unit group and the three unit group,
and between the 2 Unit group and the 4 Unit group. There was no significant difference
between the 3 Unit group and the 4 Unit group. The trend is for students taking higher
levels of HSC mathematics to score successively higher exam results at the end of their
first semester at university, as shown in Figure 7.2.

120

100

80

60

40

20

0

18

FINAL
Exam mark out of 120

-20
N=

11

11

2 Unit

32

32

3 Unit

13

13

4 Unit

Level of HSC maths or equivalent

Figure 7.2
The level of high school mathematics studied had a major effect on the marks
gained in the exam, and also on the final assessment mark in this subject.
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The final assessment mark for the subject included a large component (60%) due to the
final three-hour pen and paper exam, so it is not surprising that the results in the
previous paragraph were repeated when similar tests were conducted for the final
assessment mark. Other components were 10% for the Mathematica assignment, 20%
for weekly pen and paper tutorial exercises, and 10% for attendance and participation at
Mathematica labs. On the tutorial exercises mark, there was a stepped, statistically
significant difference between the 2 Unit group and the 3 Unit group, and again between
the 3 Unit group and the 4 Unit group. The level of mathematics studied for the HSC (or
equivalent) did not have a statistically significant effect on either of the Mathematica
related components of assessment. Details are shown in Appendix I.
Relationships between the assessment components
There is a striking correlation of 0.91, statistically significant at the 0.01 level, between
students’ scores on the weekly pen and paper tutorial work and their final result on the
three-hour pen and paper examination. One interpretation is that the weekly work is
very successful in training students in the routine exercises that are the basis of the
examination. There is also the possibility of an underlying factor in the different amount
of training in such skills received by students in the 2, 3, and 4 Unit mathematics
courses. As shown above, the level of school course contributed markedly to the
differences in the final exam results.
The correlation between attendance at Mathematica labs and mark on the Mathematica
assignment was moderately strong (0.51, statistically significant at 0.01 level), however
92% of the class scored 9, 9.5 or 10 out of 10 for the lab attendance, so this correlation
is not as noteworthy.
Gender effects
The Mann-Whitney U test was applied to the numerical biographical variables, to the
formal assessment variables, and to the summary variables for conceptions of
mathematics, and approaches to mathematics. It was found that only in the cases of
Hours per week on computer games and Fragmented Conceptions of Mathematics were
there significant statistical differences between females and males, with males scoring
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significantly higher on Hours per week on computer games (U = 238.00, p = 0.007) and
females higher on Fragmented Conceptions of Mathematics (U = 259.5, p = 0.032).
In the case of Hours per week on computer games, there were two male outliers with
very high scores. One had even written the symbol for infinity instead of a numeral.
This was scored as “45” which was the highest numerical answer given. The test was
run again without these extreme scores and this time males were still significantly
higher than females, with U = 238.00, p = 0.016.
The fact that females scored significantly higher on Fragmented Conceptions of
Mathematics was investigated further by using Mann-Whitney tests again for each of
the items in the Conceptions of Mathematics questionnaire. It was found that females
were statistically more likely than males to agree with the statements “Mathematics is
figuring out problems involving numbers” and “Mathematics is about playing around
with numbers and working out numerical problems”, with U = 270.5, p = 0.037, and U
= 279.0, p = 0.050 respectively. This belief that mathematics is tied up with numbers
and calculations needs further investigation. It may be related to early experiences in
school mathematics, where girls have been found to be more proficient than boys at
learning routine algorithms for numerical calculations. Bartholomew and Rodd (2003,
p. 16) survey the literature concerned with this issue and point out that such
observations play into stereotypical images of girls and women “lacking confidence in
their mathematical ability, and of achieving success through ‘low-level’ rule following
behaviour and diligence”, and are part of “essentialist accounts of difference between
the sexes (which inevitable pathologies the feminine)”. Bartholomew and Rodd propose
that it is desirable to move beyond these essentialist accounts, by considering the
possibilities available to women and the social relationships and power structures that
construct and maintain these. From the data collected in this current study, it is clear
that rule following has been found by the students to be a successful strategy for
achieving good marks in mathematics at school and again in their university courses.
Perhaps the issue is not “Why are girls focussing on low-level routines” but “Why is the
performance of low level routines rewarded in mathematics courses?”
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The effects of Home Language and Year of HSC.
The Mann-Whitney U test was applied to the numerical biographical variables and also
to the summary variables for approaches to mathematics study, and conceptions of
mathematics. It was found that in the cases of Hours per week on computer games,
Cohesive Conceptions of Mathematics, Final assessment result, Exam result, and Mark
from pen and paper tutorial work there were significant differences between English
and Bilingual language groups, with English speakers scoring significantly higher in all
cases. (U = 255.5, p = 0.021; U = 146.00, p < 0.001; U = 237.00, p = 0.015; U = 232.50,
p = 0.012; U = 252.00, p = 0.029 respectively). The patterns of differences for gender
and for Home Language were reported in Coupland (2000).
A similar analysis was carried out for the groups who answered “Yes”, and “No” to the
question “Did you sit for the NSW HSC in 1998?”, and there were no significant
differences. Details appear in Appendix I.
Computer experience: are there gender differences, or differences due to home
language or year of completing the HSC?
A series of cross tabulations and chi-square tests indicated there were no significant
differences among these categorical variables when computer experience was classified
as High / Low. Appendix I contains the details.
The dimensions of the Mathematica Experience
As described in Chapter 6, eight components emerged from the Principal Component
Analysis of the questionnaire data about Mathematica and four were retained for
interpretation. These are listed here.
(1) I gained a useful tool

GAIN_TOOL

(2) It was worth the time spent on it

HELPFUL_WORTHWHILE

(3) I found it easy and fun

EASY

(4) I enjoyed learning with others

WITH_OTHERS

When scores on these four components were investigated by the biographical variables,
the patterns that emerged showed no statistically significant differences by home
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language (English, not English). There were no statistically significant differences by
gender, although the strongest gender difference was on (4), “I enjoyed learning with
others”, with females scoring higher than males. Details are given in Appendix J.
By prior computer experience, there is only one statistically significant difference, with
students in the High computing background category scoring higher than those in the
Low computing background category on component (3) “I found it easy and fun.” (U =
140, p = 0.005). (See Figure 7.3).
3

2

(3) I found it easy and fun

1

0

-1

-2
N=

27

20

low

high

Computing experience

Figure 7.3
Boxplot showing the only statistically significant comparison between students
with High and Low computing backgrounds on any of the Mathematica
experience components. (Subject 1 students only).
Another biographical variable of interest is the recent educational background of these
students. Nearly 40% did not come directly from completing high school in NSW.
While not necessarily representative of the older students, this comment from one of the
mature-age students who scored highly on Item 10, about a change in attitude towards
enjoying the CAS experience as the semester progressed, indicates that an abiding
interest in mathematics has been carried over into the learning of Mathematica.
Mathematica is not easy to use for me. Although I am 39 years old, I have not
seen like that before in my country. That’s why I went to library and borrowed
some books about Mathematica. In my life I love mathematics very much and I
also have to love Mathematica. It is very wonderful instrument for maths. After I
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had done very well for my assignment, I had more confidence using
Mathematica. But I have to be aware using Mathematica in future.11
Categories of engagement in mathematical learning
In the creation of the categories of engagement in mathematical learning (see
Chapter 5), students’ self-reports about their actions when learning mathematics, and
their reasons for those actions were classified. The students’ reports were regarded as
indicators of subjective, motivating ‘objects’. From the collaborative and iterative
process, carried out in the spirit of phenomenography, four nested categories of
description of approaches to learning were created, showing a progression from learning
with the intention to reproduce for marks to learning with the intention to make meaning
for oneself. If the formal assessment tasks were aligned along the same dimension, the
relationships between the formal assessment marks and the categories for learning
mathematics should be clear and there would be a steady increase in assessment results
corresponding to the progression through the categories. Table 7.1 indicates that this is
not clearly the case, with an overall decrease occurring instead, although the differences
between the scores by category are not statistically significant.
Table 7.1
Relationships between categories of engagement in mathematical learning and
formal assessment marks.
Categories for learning maths
A+reading notes etc
A+B+ask others
Mean
Count
Mean
Count

A: rely on exercises
Mean
Count
Mark from pen and paper
tutorial work
Exam mark out of 120
Mca assignment mark
Mark for lab attendance

ABC+ understanding
Mean
Count

8.23

9

8.69

29

6.97

9

6.18

5

41.89
6.33
8.67

9
9
9

50.64
7.31
9.67

29
29
29

41.83
7.11
9.44

9
9
9

35.70
8.30
10.00

5
5
5

This leads us to ask whether or not there is a disadvantage, in terms of assessment
results on traditional pen and paper tasks, for those students whose approach to learning
mathematics inclines them to look for personal meaning. Looking at which groups had
the highest and lowest means on the different items of assessment leads us to ask
whether the students in group D (the personal meaning makers) might have chosen to
spend time on the more interesting and challenging Mathematica related tasks at the
11

This student has English as a second language so the unusual word choice in the last sentence might be
interpreted as “being wary of” or perhaps “being aware of the possibility of using Mathematica in the
future”.
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expense of practising the conventional pen and paper skills, and as a consequence were
disadvantaged in the exam. The comparison of raw marks is shown in Figure 7.4, and to
include the exam mark, the results have been standardised in Figure 7.5
9.0

8.5

8.0

7.5

7.0
Mca assignment mark

Mean

6.5

Mark from pen and pa
6.0

per tutorial work

A: rely on exercises

A+B+ask others

A+reading notes etc

ABC+ understanding

Categories for learning maths

Figure 7.4
Raw assessment scores for students in different categories of engagement for
learning mathematics.

.6

.4

Mean of standardised marks

.2

-.0

-.2
Mathematica asst
-.4

P&p tutorial marks
Exam mark

-.6

A: rely on exercises

A+B+ask others

A+reading notes etc

ABC+ understanding

Categories for learning maths

Figure 7.5
Standardised results for the three main assessment items in this subject, shown
by categories for engagement in learning.
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There are five students in the highest category, and here is what was said in their
answers to the open-ended questions about Mathematica on the survey (one made no
comment):
“Overall, how would you describe your experiences with Mathematica in your
first semester?
•

Excellent.

•

Frustrating at times, but strangely satisfying at times. However, the tute
work didn’t involve or allow much understanding, simply copying from
a page.

•

The tutes were good, but the assignment was a HORROR!!!

•

It was fun once you understood the task & worked with a partner to try
and solve the problem/task.

“What do you think UTS staff could do to improve your experiences of learning
Mathematics with Mathematica?”
•

N/A

•

Demonstrate a wider variety of commands and the help facility

•

Limit the no. of tutes for just inputting data directly from the sheet into
Mathematica, and increase tutes where reasoning and finding calculation
are needed instead of inputting data.

•

(blank)

Clearly the difficulty of the assignment was an issue, but these students overcame that
difficulty and most of them enjoyed the experience. The comments about the nature of
the work involved in the Mathematica tutorials are to be expected from students who
prefer to construct their own meanings through active engagement in problem solving.
Conclusion
It must be emphasised that this is a case study report, and it would be inappropriate to
extrapolate from the data in this chapter to other groups of students in other contexts. In
the theoretical framework for this study it is predicted that the system itself evolves over
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time, so even in similar contexts a description of the activity system at another time
would not be expected to be the same as this one. Any conclusions belong to this time
and this context. Some of these conclusions may however resonate with other
observations, and could indicate useful directions for further research.
Main findings for the case study presented in this chapter
•

In this subject, students who were successful at school with operational study
methods (practice, imitation, memory work), continued to be successful in pen
and paper tasks if they applied those methods in their university study.

•

A more successful strategy for achievement in pen and paper assessment tasks
was to add to the operational level work of imitation, the action level work of
reading worked examples with the goal of reproducing the techniques.

•

Students in this subject who aimed to make personal meaning did not do better,
on average, in formal pen and paper assessment tasks than students with surface
approaches to learning, however,

•

When scores on a very challenging assignment requiring the use of a new tool
were investigated by categories of engagement in mathematical learning,
students in Category D (the personal meaning makers) scored more highly on
average than students in the other categories. Small numbers in the categories
need to be taken into consideration here.

•

After one semester of university study, the high school mathematics background
of students in this subject had an important effect on the level of achievement in
pen and paper assessment tasks.

•

When the four components of Mathematica experience identified by the
principal component analysis of Chapter 6 were examined, there were no gender
or home language differences that were statistically significant.

•

A statistically significant difference related to computing background was found
for the Mathematica experience component “I found it easy and fun”. Students
with high computing background scored more highly than students with low
computing background.
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The first four findings, taken together, are startling in a context in which CAS will form
an increasingly large part of a mathematician’s “toolkit”. Activity theory predicts that in
the history of human development, operations are inevitably eventually performed by
machines. We are seeing in CAS the machinery that can be used to perform the routine
operations of first year calculus courses. It is time to engage in the debate around how to
use CAS to lift the work in these subjects to more engaging levels. In a study involving
one thousand first year students in a different university in the same city, Henderson and
Britton (2003) asked whether mathematics tutorials were:
(a) Very interesting, (b) Interesting, (c) About average, and (d) Not at all interesting.
The proportions of the replies were (a) 3%, (b) 27%, (c) 52%, and (d) 18%. Henderson
and Britton state that “one would wish for more responses in the (a) and (b) categories”
(p. 110). Perhaps a CAS interactive demonstration from time to time could assist in
making tutorials more interesting? A related issue is whether or not academic staff see
any need to change. In the Henderson and Britton (2003) study, when replies from 27
tutors to the question “I think the students find the tutorials…
(a) Very interesting, (b) Interesting, (c) About average, and (d) Not at all interesting”
were analysed, the responses from the tutors were (a) 4%, (b) 67%, (c) 29%, and (d) 0%
(p. 114). The tutors clearly think their tutorials are more interesting than the students do.
Could it be that students do not enjoy learning how to behave like machines, and
academics are not noticing?
In the next chapter, the views of two academics are canvassed to round out the picture
of the activity system from the point of view of other participants.
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CHAPTER 8
LECTURERS DESCRIBE THEIR EXPERIENCES IN TEACHING
WITH MATHEMATICA.

Introduction
In this chapter, I report on the two interviews with teaching staff. From several
volunteers, I chose to interview two academics with contrasting roles within the
department. I refer to them here as Lecturer 1 and Lecturer 2, although both had other
duties and titles in addition to that of “lecturer” in the department. Lecturer 1 had played
a major part in introducing CAS into the courses and subjects taught by the department,
and championed the choice of Mathematica. This occurred four years before this study.
Lecturer 2 played a major role in establishing the way Mathematica was actually used
by first year students including most of those surveyed for this report. Both are active
researchers who use Mathematica as one of many software tools in their mathematical
research. Their personal motivations and ‘object images’, their perspectives on teaching
and learning, and their actions in the roles that they play, all form part of the complex
picture of the activity of learning first year mathematics.
In my model of the activity system for the activity of participation in first year
mathematics courses (Figure 3.2), teaching staff and students are considered as
‘subjects’12, as they are the people who subjectively interpret the context and act
towards their ‘object images’ However, from the students’ point of view, lecturers are
part of the community that helps to establish the students’ motivating ‘objects’, and
with whom they interact in ways that are mediated by and in turn construct the formal
and informal rules of the system. I interpret the “division of labour” as being the roles of
staff and students, and in turn this mediates the kinds of actions that occur as students
form their personal goals and act towards their personal images of their ‘objects’ –
which I have defined to include “learning, as interpreted by each individual”. Staff will
have several roles in their work at the university, teaching being just one of them.

12

I will use single quotes around this word when referring to the elements of the activity system.
(‘subjects’). The word is also used for a unit of study, as in “Mathematics 1 is a subject taught in the
department”.

180

CHAPTER 8

As the previous chapters have established, students view the tools of mathematics and
the CAS Mathematica in many different ways based on their personal experiences, and
the views of lecturers add to this range of perspectives. Their perspectives on
Mathematica will be considerably different from that of the students, and indeed from
each other’s views, because of differing contexts, goals, and personal socio-cultural
histories. An essential difference between students and lecturers is that both of the
lecturers interviewed have active research careers in mathematics, and use mathematics
and Mathematica as tools in their own research activities as well as in their teaching.
Overall description of the two interviews
Semi-structured interviews were conducted as conversations to ensure that the
academics’ subjective viewpoints could be heard. I know and work with both Lecturer 1
and Lecturer 2, and we had had many conversations about teaching, learning, and
Mathematica on previous occasions. During the interviews it was clear that they were
often pausing to consider their responses and to reflect on their opinions about teaching.
Both the lecturers have excellent computing skills, but their opinions about the place of
Mathematica in the teaching of mathematics are quite different. Lecturer 1 tends to see
the big picture and during the interview he returned several times to a major theme
about the structure of the degree as a whole and the place for computing within it. His
view of the relevant activity to be discussed in the interview included more than the
mathematical content of individual subjects and courses. Lecturer 1 has a profound
understanding of the structure underlying the computer algebra software and even
demonstrated this to me on his computer during the interview. He is keen for students to
develop an appropriate mathematical and computing “toolkit” during their learning and
for staff to develop their personal computational tools in order to make their lecturing
more interesting. He thus has a concern for the cultural-historical development of both
students and staff within the department. Recently Lecturer 1 has been teaching mainly
second and third year and honours subjects, students already on the path to membership
of the mathematical community.
Lecturer 2 had spent many hours preparing Mathematica materials for first year subjects
and explained his reasons for this major investment of time. He described the process of
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syllabus development that had occurred around the time of the introduction of
Mathematica. He expressed his concerns about the pressures on staff to maintain pass
rates when students were arriving in our courses with different levels of mathematical
skills and motivations than in the past. He had recently developed highly original and
challenging assignments that involved problem solving in real world contexts and felt
that efficiencies could be made by turning this material into labs that students worked
through – the same material could then be used over several subjects and over many
semesters. From an activity theory viewpoint, he was operationalising the tasks of
preparing teaching materials in the context of competing demands for his time and
energies. Lecturer 2 teaches subjects from all stages, first year to honours years, and
service subjects.
Both academics expressed concerns about assessment issues and also freely questioned
the role that lectures play, to the point of admitting their awareness of the fact that many
students do not understand the abstract material as it is presented in lectures. They are
also aware that many students are not motivated to make major independent efforts in
their study of mathematics.
In the following paragraphs, I will use the main features of the activity system to
structure an analysis of the interview material.13
Questions about the academics’ personal objects and goals in the activity system –
what do these suggest about their views of learning? What are the consequences
for using the CAS as a tool in this teaching environment?
It goes without saying that lecturers aim to provide conditions under which their
students have opportunities to learn mathematics and to demonstrate their learning. But
what does “learning mathematics” mean? In my model of the activity system for
learning mathematics, there are multiple ‘objects’, including “Learning – as interpreted
by each individual”. In Chapter 2, the activity theory description of the way that a
person forms and reforms an image of an ‘object’ was outlined. The person’s image of
the ‘object’ is what guides the activity of that person. By investigating the lecturers’
13

Indented sentences in italics are longer extracts from the interview transcripts, with missing words or
incomplete words added in square brackets where necessary to help in understanding the context: short
quotes are indicated with quotation marks, italics, and the speaker’s identification in brackets.
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comments about their work I intended to elicit and interpret their image of learning in
mathematics. I also planned to highlight the different ways that these academics used
the CAS as a mediating tool in their actions directed towards their personal goals in this
context.
Lecturer 1 talked about apprenticeship in a way that indicated a leaning towards
“learning as participation” in Sfard’s scheme as described in Chapter 2. The context in
which this arose was his description of the fact that other academics were not keen on
introducing students to the Mathematica feature of Lists, and commands for working
with Lists, whereas he had decided to use a gradual approach to do this:
… I think around here there are people who shy away from using List constructs because they
feel that um, it frightens the students. I just tend to just sneak up on them with, by osmosis.
Throw these things in without saying what they’re doing but just describe and then one day it all
clicks for them. And Map is nothing more than a transformation in the sense of a linear…. Well,
it is, it’s a linear transformation where you’re taking it from one set and generating in another
set and there’s your transformation. That’s what Map does. I think one of the things that we,
we, from what I’ve seen we use extensively the graphics facilities and the um… we sort of
enumerate things with the idea of the word “Table” but I don’t think we push far enough into
some of the list constructions. And I don’t think you sort of have to, on day 1 go in there and say
“right, now we’re going to teach Map, we’re going to teach Apply, we’re going to teach Fold….
Then you get the most truly boring one hour. I mean each time I think something [interesting]…
each time you want to use a tool you don’t deny yourself access to it. I don’t think that… does a
tradesman say that “I only know how to use screwdrivers so I won’t ever use a chisel”? I mean
you use the appropriate tool at the appropriate time and the students coming on an
apprenticeship with you, and they suddenly see you use a new tool, and then you say “well I’m
using this tool because… and I don’t expect you to use the tool yet, but….” You know, two or
three weeks down the track maybe they use the tool just by osmosis.

The picture we get here is of an academic who is confident that students will eventually,
“by osmosis” pick up the tools of the trade, the CAS routines, tools that he himself is
expert in using. The intention is to give the students opportunities to evolve
mathematical conceptions for themselves through emulating complex experience. The
students see the lecturer using the tools in the process of illustrating, perhaps in a
lecture, some complicated solution. For example, Lecturer 1 described how he
illustrated a solution to a problem in cylindrical harmonics involving Bessel functions.
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The process was similar to the way that he uses the software for himself in his own
research team working on problems in electromagnetism:
The other thing that we do with it [Mathematica] is we use it midway, in the middle of a
calculation we might, out of this big Fortran programme, we might dump the whole collection of
numbers and then pull them back up into Mathematica and visualise them in some way, or
process them or whatever. And then … when we understand what we’re doing, we might then
implement that back into Fortran and then move on.

In contrast, Lecturer 2 talks about teaching and learning with language indicative of a
“transmission of knowledge” role for the teacher and an acquisitive role for the student
– he is clear that there is “stuff”, (subject material), that he wants students to
“understand”, even though he shows he is aware that this is not the only possible
perspective one might have on learning:
Lecturer 2: To try and get some sort of understanding across. That’s a very patriarchal way
of saying, of describing the learning process, “getting some understanding across”

Interviewer: Oh, I was just going to question that. “To get some understanding across…”
Lecturer 2: One can say it in other ways. And if I were a proper teacher I probably would, but
(laughs) anyway…. Just call me Gengis Khan…

Interviewer: That’s all right. So…
Lecturer 2: “To encourage their learning experience….”
Interviewer: To encourage their learning experience.
Lecturer 2: I prefer to get understanding across!
So for Lecturer 1 an object of taking the students along with him as apprentices meant
that he used the CAS tool to illustrate topics from the content of the course “I mean I see
that it’s the role of the instructor to come in there with an interesting…. I mean, some graphs or, you
know, an animation or visualisation of some form that gives life to the thing. It’s not up to the student I
mean.” Also, he uses in his teaching simpler versions of the problems he works on in his

own research –
I mean you’re not trying to turn out a research problem out of a third year class. So you always
impose a boundary condition that slices one dimension out of a problem. And you, I told the
class last night that you only ever choose to work with problems that have 2 variables in them.
Because that’s as much as you can expect people to do in half an hour. (Lecturer 1)
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In contrast, Lecturer 2 has the object of getting some understanding across to students.
He feels this need very strongly, as shown by this next interview extract. I had
commented that his approach of integrating theoretical lecture material with laboratory
activities that led students through the solution of “real world” problems using the same
mathematics sounded as though it had been very thoughtfully put together.
Lecturer 2: No, it’s driven by desperation (laughs). Essentially. But that’s probably more a
reflection on me than on the students. “How the hell can I get these guys to understand this
stuff?” In that sense, desperation!

Interviewer: So, desperation because in the old days they didn’t understand it? In the old
days, in the past?

Lecturer 2: Oh certainly, in the past I think yes, there would have been a percentage of
students that certainly didn’t understand the stuff, given that it was presented primarily from an
abstract point of view in our course. But that percentage, what, what drives the desperation is
that that percentage has grown, I think, substantially. And to be honest, our own survival, which
is pure self-interest speaking, is more closely linked to the number of people that pass our
courses. Or at least we perceive that to be the case.

Here is another subjective, motivating ‘object’ towards which his activity is directed –
to ensure the survival of the department by improving pass rates when more and more
students do not seem to be able to understand the abstract material in the course. This is
an important ‘object’ for Lecturer 2 and he described the related syllabus change
activity in which he played a major role:
The Mathematics 2 syllabus, together with the preceding subject, Mathematics 1, has undergone
a syllabus change during, well at the end of last year for introduction in the current teaching,
that change is designed to redistribute the material so it’s slightly more palatable I think. And
perhaps to find an appropriate level for the students that we’re now getting into the first year of
the degree course. The syllabus redesign involves I think an effort to better motivate and to
better – sorry about the word – contextualise the Mathematics that’s being taught. And for that
to happen, it’s my belief that we need to explain, no not to explain, to illustrate that the
Mathematics that we study the theory of arises in a natural way in applications that are visible
in “the real world” whatever that might be. The world of everyday life that students are familiar
with. And that includes applications in business, it includes applications arising from physics, it
includes, for some of the students, applications arising in the context of computing.

(Lecturer 2)
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There is a conviction here that students will be more interested to study mathematics
when they can see that it is used in real world contexts. Related to this is a conviction
that making the material relevant to students also makes it more comprehensible to
them.
Interviewer: … when you were writing these labs, how much did you find yourself adjusting
what you wanted to do because of your experience with the students’ background? And level of
interest and ability in maths?

Lecturer 2: Certainly, not so much what I wanted to do but my approach to writing the labs
was to say, here’s a problem that I can make clear and relevant and clear and relevant to nonmathematical people. So it’s got to be perceived to be relevant from the wider perspective. OK,
if I can identify such a problem, then how do I solve the problem? And I’ll then work through
the Mathematica required to produce a solution to such a problem.

Interviewer: So you solve the problem yourself?
Lecturer 2: I solve the problem myself. And then I back track and try and explain what I did.
Now, if I find that I’m getting carried away with the explanation, then I try and trim it back, or
do it in a simpler way. And I usually don’t pick it. Some of my colleagues are very useful in
picking where I’ve gone overboard! (Laughs) …. Um, but it’s that process.

The image of the ‘object’ for Lecturer 2 in this instance is his perceived need to explain
to the students, to show them how to solve a concrete problem “from the real world”.
Whether students see these problems as personally relevant is not explored. The student
interview data revealed that some students certainly did make that connection, others
did not. Lecturer 2 points out that Mathematica is not as important to him in this context
as the mathematics used in the solution. Underlining shows the spoken emphasis in the
following extract:
Interviewer: So the material then is basically, from the students’ point of view, a problem and
how Mathematica could be used to solve it?

Lecturer 2: Well it’s a problem, and ‘how can we solve it mathematically?’ The Mathematica,
it’s, it’s not there to teach Mathematica.

Interviewer: Sorry, yes, yes.
Lecturer 2: The Mathematica is there only as a vehicle for conveniently doing and interpreting
the Mathematics in this setting. And I think that’s a very, that’s a key to how I’m trying to use
the tool. It’s not the tool that’s doing the driving. It comes back to the point I was describing
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earlier; it’s the Mathematics and its relevance to real problems that is the driver. Mathematics14
is the vehicle; it’s a necessary component. [unclear] it is a necessary component to solving these
problems in a straightforward and timely way. But it’s not itself the object.

Lecturer 2 separates “the mathematics” from “the tool”, the CAS used to carry out
calculations, plot graphs and so on. The properties that make Mathematica “a very very
powerful teaching tool” for Lecturer 2 are the same as those that make it useful in his
own research: “… the ability to again, integrate the numerical work and the algebraic work and to
illustrate both aspects of what you’re trying to teach visually, with the graphics built into the same
system.” (Lecturer 2). But the CAS, the tool, is separate from “the mathematics”.

Academics’ views of the students’ role – what is involved in teaching, learning, and
assessing? What do the academics say about students’ thinking, feeling, acting?
A major feature of the students’ responses to the open ended questions in the survey
was the spectrum of emotions, from frustration to fascination. What do the lecturers say
about students’ experiences of learning in a CAS environment?
Both the lecturers indicated that they had enjoyed successful experiences in teaching in
a CAS environment:
Lecturer 1: But in terms of the Mathematica for the students, I mean there are very rich tools,
for example, for visualising in something like Mathematica. But I find in the, it’s the students. I
mean half this class loved it and wanted to run away and write a bit of code and try something
for themselves. And the other half truly detested computation. Which is sad in some ways [that
they’ll] be frightened off by it…

Lecturer 2 (Having just been asked if he had been allocated extra time to prepare
the Mathematica lab material):
No. It grew out of playing around; in fact it grew out of a similar sort of approach to
contextualising problems but in a very different subject, numerical analysis, in second year of
the course. Which I played around with some years ago, in ’95 and ’96. And enjoyed
tremendously. I mean I enjoyed it, and the students seemed to enjoy it…

14

This word is clearly “Mathematics” on the tape, however I think he intended the word Mathematica in
this particular sentence.
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This extract highlights the contrast between the academic’s experience with the CAS –
“Playing around” and “enjoyed tremendously” with the students’ operationalised tasks
that were developed from this for later semesters in which students typed in given
commands and followed the solution that had been prepared for them. The interview
continues…
Interviewer: This was the [three body] problem, and…
Lecturer 2: Yeah, and in fact one of the students made the comment that they learnt more of
linear algebra in that course than they had in linear algebra, which was (laughs) quite nice to
hear. But that was as a result of playing with Mathematica, and it was in fact the assignment, or
the, yeah it was an assignment that I was using. Was in orthogonal polynomials. But using
graphs. And looking at the error of approximation using orthogonal polynomials. And they
suddenly understood what orthogonality was really all about. So that was the context.
However, because of that, I then started trying to use similar sorts of things in the other subjects
that I got allocated. And I guess that wound up in first year in some instances. So that, that’s
how the idea arose, and this sequence of exercises really was a response to the first year
comments that these assignments were really interesting but just too hard to do in one big lump
on their own. So I thought “Oh, we’ll split ‘em up, and do ‘em a bit at a time”. In fact I don’t
know that I thought of that, I think my colleague [Name] probably made that suggestion more
than I did.

The last part of this quote is a familiar teacher’s action. Responding to students’ protests
of difficulty, teachers take an interesting, significant problem and offer it in smaller,
easier pieces. There is a conflict here for the lecturer between the ‘objects’ of designing
teaching materials that interest and challenge the students, and maintaining pass rates. Is
the action taken of the same order as Lecturer 1’s decision, described earlier, to slice out
a dimension of a problem in electromagnetism in order to give the students an
accessible problem? Perhaps in some ways it is, but the electromagnetism case is closer
to the actual practice of research mathematicians, who often simplify a new problem in
this way. That being so, Lecturer 1 is demonstrating to his “apprentices” a genuine
problem solving strategy that may empower them in the future, while Lecturer 2’s
approach requires students to reproduce given software commands to follow the
solution of an already solved problem. The solutions may be of use to the students in
assessment tasks, but as Lecturer 2 says, their main purpose is to demonstrate the
mathematics: “… to contextualise the mathematics that’s being taught.” (Lecturer 2).
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This “copy and type” approach requires the students to attend weekly one-hour labs
where the main activity, according to Student S215, is the reading and typing onto the
computer a copy of someone else’s solution. In the interview with Student S4, a similar
description was given – “It’s like a computer programme and I really don’t understand
it. Because when I’m doing the exercises, copy the books and just type it in. And I see
the result that it’s OK but … it’s quicker just to mark my name off and leave.” On the
other hand, some students engaged at a deeper level with the material and carefully
planned their time so that they could accomplish more than the typing of the given
commands. For one student in particular, Student S1, this meant that he went out of his
way “to actually get hold of the exercise a couple of days early and then slot all the
commands in my own time before the Mathematica class. Then I could be sticking my
hand up when everyone else was entering the commands”. Other students indicated that
they knew they were expected to read the material before coming to labs (although not
many did so).
What do the lecturers say about the actual practice of using a CAS? Where is the
Mathematics?
A CAS such as Mathematica is new to the academics and to the students, but new in
different ways. The academics have learnt their mathematics at undergraduate level
without access to such a tool, and for them the actual practice of doing mathematics is
still dominated by the use of pen and paper.
Lecturer 1: The area that I think is least well tapped in Mathematica, and I, I confess I
struggle with it myself, is that I still don’t know how to - , I’ve never solved a problem from one
end to the other in Mathematica. In the sense that I’m always forced to go back to a piece of
paper. And I know how to manipulate symbols and do certain things, but there’s a time that
comes when you sort of want to say, well, “I know what’s the important part of this” so you
know, when you write something down on your piece of paper, you pick up the terms that you
attach a certain significance to and write them here. Then you pick up the terms that have a
different significance and you write them in a different part of the expression. Mathematica puts
them everywhere. Because it doesn’t know anything about your …your physical intuition.

15

See the second extract from Student S2 at the end of Chapter 6.
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He anticipates that this may be overcome in the future, as the interface with the software
is continually updated in successive versions, and may even include voice recognition at
some time in the future. But where is the mathematics located here? Is it in the head or
on the paper or in the machine? Or is it located in the practice of solving problems,
drawing on tools of various kinds as needed? After commenting about the way that
statisticians and operations researchers integrate professional software tools into their
teaching activities, Lecturer 1 reflects about mathematical practice:
Lecturer 1: …is it that we need to contemplate teaching the students a new paradigm of
mathematical method? I mean they see this work on a piece of paper. Maybe we need to, I
don’t know…. decide what the mathematical method is, in terms of things like Mathematica.

Interviewer: Hmmm.
Lecturer 1: I confess I don’t fully understand these American courses. These new calculus
courses where you sit the students down in a lab of workstations. That to me looks as sterile as
sitting them down exclusively in a lecture environment. Now where do you ever…. I just think
that’s drifted too far away from, I don’t know, the analytic, an analytic [emphasis], a suitable
analytic emphasis.

Interviewer: Well you’re losing that impact of “I will demonstrate”. You mentioned before
the apprenticeship model. Um, if it’s just student and machine, there’s not that room for
interaction, questions and that sort of thing.

Lecturer 1: But I honestly think, I mean real mathematics, sorry where mathematics is applied,
as opposed to Stats or OR, I mean it’s an environment which involves a pen, a piece of paper,
and a computer. And obviously interaction with other people, but it’s not done exclusively there
and it’s not done exclusively here. It’s, you, I mean you compute when you want to gain some,
well I certainly compute when I, when I don’t fully understand what some piece of analysis is
telling me. You can fool yourself on a piece of paper but you can’t fool a computer. A computer
is absolutely non-judgemental. It does exactly what you tell it to. And it exposes your own….
idiotic assumptions perhaps, or something like that. So you use it in an environment where you
want to learn something for yourself. And maybe that’s what we need to get into the students.

So for Lecturer 1, mathematics is an environment that includes pen and paper, a
computer, and interaction with other people. For Lecturer 2, the location of the
mathematics that he teaches about appears to be in “the material”, which is treated
differently in (theoretical) lectures, pen and paper practice tutorials, and in (practical,
real world context) Mathematica labs. But in all contexts: lecture, tutorial, and computer
laboratory, the students in this study found that they could achieve a measure of success,
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in terms of getting marks, by being followers – consumers, rather than investigators.
Opportunities for individual experimentation were there, and were taken up by some
students. In the series of labs, the later booklets required students to be more active in
solving some problems and thinking for themselves. In the extracts from interviews
with Students S3 and S6 reported at the end of Chapter 6, these students commented
about the opportunity for individual problem solving.
The following rather long extract shows several important aspects of the way Lecturer 2
views mathematics.
Lecturer 2: The Mathematica is there only as a vehicle for conveniently doing and interpreting
the Mathematics in this setting. And I think that’s a very, that’s a key to how I’m trying to use
the tool. It’s not the tool that’s doing the driving. It comes back to the point I was describing
earlier; it’s the Mathematics and its relevance to real problems that is the driver.
Of course you’ve gotta learn how to drive a car. So you’ve got to learn some Mathematica
along the way.

Interviewer: Yes. So the students are doing the Mathematica incidentally, should we say?
You’re keener that they learn the Mathematics?

Lecturer 2: Yep.
Interviewer: The mathematical concepts, or…?
Lecturer 2: The concepts. If they don’t have the concepts, Mathematica’s not going to do it for
them. The concepts are the key.

Interviewer: So they’re learning the concepts of the mathematics. Do they need to do any pen
and paper work?

Lecturer 2: Certainly.
Interviewer: Along the way? In the labs I mean.
Lecturer 2: In the labs? Probably not in the labs, but what I’ve done there, rather than asking
them to do pencil and paper work, is to elaborate or interpret the Mathematica that they’re
using. So for example, I may tell them how to, show them in one notebook a technique for
combining a number of plots to illustrate a particular phenomenon. In another notebook
exercise I might refer back to that in the statement of “as an exercise, do this…” so that they’re
re-, they have an explanation of how to do it, and then they have to adapt that specific
Mathematica technique to a different problem. So they’re being asked to engage in this way, but
with examples on which to base their own work. Now, I haven’t actually considered doing
pencil and paper work at the same time. I think primarily because, [pause] well, I don’t know
that there’s enough time to do both, but maybe that’s my own prejudices influencing things
there. I probably haven’t thought of it… is the honest answer.
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Interviewer: So the labs don’t build up, they don’t reflect the content of lectures and textbook
exercises ah, well…. let me get this right. The labs are to teach concepts, and along the way to
learn some Mathematica. But the lectures and working from the textbook is for the students to
learn pen and paper solutions?

Lecturer 2: No, I wouldn’t, I wouldn’t suggest that sort of a dichotomy. The, to take an
example of the current sequence that the students are working through, the subject matter in the
lectures, […] is the solution of second-order differential equations with constant coefficients.
And the lecture material presents that essentially from a theoretical perspective. Theoretical in
the sense of the techniques used with pencil and paper to “given a D.E., solve it.” Now, the
tutorial exercises, as opposed to the lab exercises, then simply expand upon that process. Here
is a collection of DE’s, solve them. Here is a collection of DE’s, sketch their slope fields. In
other words, all the traditional type of pencil and paper maths problems. So that sort of pencil
and paper work they are getting, but in a separate class. In the Mathematica exercises, they’re
being given a problem which is based around an electric motor mounted…. a completely
physical description of a problem… which falls apart. And they’re asked to identify whether it’s
falling apart because of a manufacturer fault, or the customer’s fault. So it’s a completely
realistic type problem in this sense. To solve that problem, to make that determination, they
have to formulate, or rather the notebook formulates the problem in terms of Newtonian
mechanics, basically, which boils down to a particular second-order differential equation with
constant coefficients. That they’ve been talking about in, from a theoretical point of view in
lectures, have dealt with in pencil and paper in the tutorials. And now in Mathematica they see
a real problem in a non-mathematical context, where this mathematics arises in a completely
natural way, and they are then asked not only to solve that particular DE using Mathematica,
but also to play with the parameters involved in the DE, see the different sorts of behaviours that
can arise, and experiment in a way that they cannot do with pencil and paper. Because it simply
takes too long.

Interviewer: So…
Lecturer 2: So you’re looking at the same material, but from a completely applied perspective
in the one context, and from a, well, not a completely theoretical but a substantially theoretical
context elsewhere. And hopefully the two inform each other in the student’s mind.

So somehow the mathematics is transmitted from “the material” to “the student’s
mind”. Another indication of this transmissive view of mathematics is shown in the
following extract where Lecturer 2 makes it clear that while open to the possibility and
willing to discuss it, he has not considered assessing what the students can actually do
with the CAS in a lab – “But that’s not an assessment of the mathematics”. In the
original interview this extract followed the part about “Getting understanding across”.
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Interviewer: OK. Um….Yeah. Well I guess that leads to, that begs the question, how do you
know if you’ve got understanding across?

Lecturer 2: You attempt to assess understanding in appropriate ways. Now, that leads to all
sorts of problems with assessment. Certainly laboratory exercises, I don’t believe you can
assess whether a student understands the material on the basis of whether they get through the
assignment or through the lab exercise. I don’t think that’s realistic at all. You certainly can’t
assess what that individual student understands within that one-hour lab on that basis. Basically
because you’ve given it all to them. Um… so the best you can then try is, for this more applied
contextualised side of things, is to try and set individual assignments. But that comes up against
an endemic problem of collaboration which I do not have a solution to. And so I don’t believe
that I can trust that form of assessment to reflect any individual’s understanding of what they’re
supposed to have done, or what they’re supposed to have been engaged with.

Interviewer: So it’s very difficult for you to assess what an individual actually understands?
Lecturer 2: In the context of assessments or labs. Correct. The only other alternatives is in
some form of, well – either one to one interview, so, if you like, oral examination of individual
students, which is extraordinarily time consuming and, to be honest, I do not wish to put that
amount of time into it given the other pressures in this job. But that would be the best way of
doing it. From one’s own subjective point of view. The difficulty then is to remove one’s own
personal biases and subjectivity from that mode of assessment, and I think that’s a big problem.
I have seen…. oh no. I believe it’s a big problem. The other approach is to try and establish or
assess understanding of this type of material in the context of an examination. And I think that’s
very difficult. One can make some attempt, but it’s very very difficult to go from a context in
which the student has been experimenting and interacting with their peers and with the lecturers
and tutors in a, if you like a free exchange of views, information and so on, and take um,
whatever the student has extracted from that and try and examine that in a complete, in an
assessment environment that is completely different. That great difference in environment, I
think, substantially effects the viability of the assessment. Whereas clearly material that you’ve
tested in a class test, this type of material is much easier to examine because the contexts in
which the assessment is taking place are so similar. With lab and exam, they’re just worlds
apart, and that creates its own problems. So I don’t have a solution to that problem that I’m
happy with.

Interviewer: Right. So, so the idea of running an exam in the lab and allowing some
collaborations is not on the horizon?

Lecturer 2: Well, one can certainly suggest that. But what are you then assessing?
Interviewer: Well, people, perhaps the ability of the student to do something in that
environment.

Lecturer 2: Hmmm. But that’s not an assessment of the mathematics. And this, this is not to
say that that’s not a valid thing to assess. But it is a very different sort of thing to assess.
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Interviewer: It’s a different thing that you’re… ah hah, hmmm.
Lecturer 2: And, oh, OK, that sort of discussion, I think um, would be a useful one perhaps to
have. Um… I hadn’t thought of it before. But… well, I hadn’t thought of it in this context that I
recall (laughs). That’s certainly something that er, a suggestion that could be talked about. I
don’t know that I would move unilaterally to that, but I’d certainly be interested in a discussion
of the notion…

We have seen how one of Lecturer 2’s ‘objects’ is to use Mathematica to show how real
world problems are modelled and solved with mathematics. He is happy for students to
work with peers and staff while they are in the lab, and to experiment and discuss their
findings there. However when it comes to assessment of mathematical learning, his
‘object’ at the time of the interview was that students continue to learn how to solve
problems with pen and paper methods, to be assessed in the traditional way.
Curriculum implications
What do the lecturers think might or even should be changed in the future because of
the availability of CAS? What are the perceived constraints?
In his interview, Lecturer 2 described the period of experimentation that was going on
in the department regarding the introduction of Mathematica. He was concerned that
future changes be considered and discussed at both informal and formal meetings with
other staff. Lecturer 1 offered a broad view of the structure of the subjects in the
mathematics degrees offered by the department, and spoke of the need to end what he
perceived as a schism between computational subjects and analysis subjects. In his
opinion, as staff became more familiar with Mathematica there would be opportunity to
reorganise the content of several subjects, including the embedding of material studied
in traditional Numerical Analysis subjects into other areas, where it could be learnt in
context.
Interviewer: So what you’re saying is that the impact of this language in our teaching could
go as far as restructuring our subjects?

Lecturer 1: I think so. I mean I think that this schism, this computational versus analytic/noncomputational schism is dead.

Interviewer: Hmmm.
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Lecturer 1: I think it’s a, there’s some homogenisation which is beginning to occur. I mean we
watch around here. The people, who say five years ago never computed anything, are walking
around showing you their latest Mathematica um, output. And with some excitement. I mean the
fact that it’s being done with some excitement means that there’s some excitement being
engendered in the classroom.

When specifically asked about constraints, Lecturer 1 acknowledged that the
department was understaffed and that many staff had little time left over for teaching
development after meeting research targets. Again the fact that academic staff need to
balance the claims of multiple ‘objects’ – the needs of research, the needs of their
students, their need to survive as a department, is clear. Lecturer 1 did not see the
University system as limiting the process in any way: “… whatever constraints are
entirely within here, within our own imagination.” Lecturer 2 also commented on the
freedom to experiment and change syllabuses that university staff enjoyed, in
comparison with high school teachers.
Contexts
Lecturer 1, the champion of the introduction of Mathematica to the department, knew
that the embedding of the CAS into individual subjects and courses would have to wait
for staff to raise their own skill levels with the software, however he saw that that was
beginning to happen. In terms of his own teaching, he expressed dissatisfaction in being
trapped in using lectures to transmit facts and he prefers to demonstrate active problem
solving instead. One of his ‘objects’ for the students is to help them to build up their
own computational “toolkit” by some kind of apprenticeship, but just how to
accomplish that is something he says he is unsure about. When he is teaching small
classes of students who have already begun to identify themselves as mathematicians,
he uses his apprenticeship model and shows them aspects of his own research.
Lecturer 2 works with large classes and often this includes groups of around four
hundred Engineering students. In this context he is obliged to look for ways to
operationalise his teaching preparation. He is explicitly concerned about enthusing his
first year students through providing examples of mathematical solutions to significant
real world problems. However, in the way Mathematica is used for that purpose the
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students are able to adopt a passive mode, typing into a machine in weekly one-hour lab
sessions that are rewarded with an attendance mark.
Discussion
I do not claim that the opinions of these staff members are typical of others at the
university, or of other universities. However, within the context of my study their
comments add to the picture of the activity system, both as it existed at the time of my
project, and also to some of its history and possible future development.
There are parallels here between the situation for the academics and the situation for the
students as analysed in Chapters 6 and 7. It appears to reflect the distinction by Sfard
(1996) that was described in Chapter 2 and to extend the work by Crawford et al (1994,
1998a, 1998b). In Table 8.1, particular people are not represented. It is a summary of
two extreme clusters of conceptions and individuals align themselves towards one pole
or the other in response to different external pressures and in different contexts.
Table 8.2 extends Table 8.1, incorporating the results of Chapter 6, where the scores of
different groups of students on the four dimensions of Mathematica experience were
analysed.
Tables 8.1 and 8.2 represent a model that illustrates the difference between surface
approach to learning / fragmented conceptions of mathematics on the one hand and deep
approach to learning / cohesive approaches to mathematics on the other. (Crawford et
al., 1994, 1998a, 1998b). From an activity theory perspective, it is also the difference
between working mostly at an operational level, buffeted by the operational conditions
that are beyond one’s personal control, compared to working mostly at the level of
conscious actions.
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Table 8.1
Similarities between the conceptions of lecturers and students:
Contrasting clusters of views, not views of individuals in this study.
For lecturers and students
View of…
Mathematics
Location of
Mathematics
Computation vs analysis
Purpose of learning
Nature of learning
Nature of teaching

Getting
Fragmentary
Outside the self, in the
material
A necessary divide
Pass exams
Acquiring skills and discrete
bits of knowledge
Transmissive

Assessment

Individual

CAS within learning
mathematics

Another skill to be acquired,
and / or a way to illustrate
the “real” maths
Not necessary

Group work in CAS labs

Doing
Holistic
Various: In the tools and also in
interactions with people
No longer necessary
Make personal understanding
Becoming a member of a
community
Encouraging the development of
others
Individual when required for
credentialing, but also in groups
A way to make personal
mathematical meaning
Often preferred by students

In Table 8.2, the columns have been extended for the cases discussed in Chapter 6.
Table 8.2
Relationship of conceptual clusters of Table 8.1 to Mathematica experience.
For students:
Most likely result on each of the four components of Mathematica experience
Component
Appropriation of
CAS as a
personal tool
Place of CAS
within the first
year subject
Was it easy?

Did it lead to
enjoyable
experiences with
others?

Getting
Not important – may happen if
computing experience is high
Possibly a waste of time,
especially if computing
experience is low, but may also
depend on perception of teaching
support
Wide difference depending on
computing experience: yes if
computing experience is high, no
if computing experience is low
No

Doing
Very desirable, especially if
existing computer experience is
low
Worthwhile, especially if
computing experience is high,
but may also depend on
perception of teaching support
Not such a wide difference,
less influenced by computing
background.
Yes
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Since people respond to their situation to position themselves somewhere in this model,
the important question now becomes: “What kinds of teaching and learning experiences
can be planned to encourage a shift towards a more enabling pattern of responses?”
From a theoretical perspective and also from the analysis of the data in this thesis, part
of the answer must surely be in the social sphere. At the end of Chapter 7, some of the
results of a study by Henderson and Britton (2003) involving first year students were
discussed. When these students were asked in focus groups about the ways that tutorials
helped them to understand mathematics, they “focused mainly on their tutor, their own
motivation and the social context of tutorials, and to a lesser extent on the mathematical
material” (p. 112). The students spoke positively about working in small groups: “In
one focus group there was a unanimous view that ‘tutors should force social interaction
in the first week of each semester’ ” (p. 112).
Leone Burton (1999) makes the point that “learning is neither wholly individual nor
wholly social” (p. 139, original emphasis). She interviewed seventy research
mathematicians about their work and about their beliefs about mathematics and
concluded that
Mathematics is no longer seen, by the majority of mathematicians, as an
individual activity and all of the reasons which they gave for collaborating can
be found in the education literature with respect to utilising group work in
classrooms. The experiences of these mathematicians help, I think, to emphasise
the flow and inter-dependence in meaning making between the socio-cultural
formulations and individual acquisition. (p. 139)
A Vygotskian view of personal development predicts that interactions between people
are the source of higher mental functions. Working with others who challenge us, in an
environment that is socially supportive, for purposes that are real and important to us,
encourages learning. A CAS might be the source of things to talk about, a tool for
investigating, and an arbiter in debates. All this is closer to the authentic work of
mathematicians than learning the dead text (Engeström, 1987), and looking up the
answers in the back of the book on your own.
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CHAPTER 9
DISCUSSION AND CONCLUSIONS

Introduction
This reflexive chapter begins with a section where shortcomings of the research are
identified. Important themes are then taken up from the literature review and theoretical
framework and followed through to the results of my research. Implications for the
practices of teaching and learning are outlined. To conclude, possible directions for
future research are proposed.
Review of the research process
I have learnt a great deal about the practicalities of conducting research in the course of
completing this project and there are many things I would do differently in future
projects.
The main source of data for this research was a survey of university mathematics
students with voluntary participation. The return rate for such surveys is problematic
and alternative sources of information and rewards for participation would be
considered in future work, for example payments for participation in focus groups.
Some of the data could have been obtained from student records, if appropriate
permissions had been obtained. Another possibility is online completion of shorter
surveys at various points during the semester supported by follow up phone calls. The
use of the internet for data capture is an exciting field and is being developed by many
researchers (see for example, Crawford and Fittler, 2003).
With the survey itself, problems that deterred students and may have been the reason for
a number of returned, but incomplete surveys included:
•

The length, with too many pages and too many items

•

The requirement of ethics committees that witnesses be obtained for signatures

•

The complex appearance of the consent form
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When lecturers gave their permission, conducting the surveys in class time was much
more successful than simply distributing them in class time before a break and returning
later to collect them. Least effective was distributing the surveys in a class and returning
a week later to collect them or asking students to return them to my office. In future
research, if a principal component analysis were to be completed, I would take steps to
see that a larger sample size was ensured. Tabachnick and Fidell (1983) suggest that
100 – 200 is good enough for most purposes, however they point out that larger sizes
ensure more reliable correlation coefficients.
In the original design of the research, two surveys were to be used. One was planned for
the beginning of the year and one at the end of one semester of university study. That
would have enabled some analysis of changes in responses over time, and the collection
of information about students’ high school experiences would have been made at a time
closer to those school experiences. In future I would plan a long way in advance when
submitting applications to ethics committees, as it was a minor problem in obtaining the
necessary ethics approvals that caused a delay in starting the data collection. This meant
that only one survey at one time (the end of one semester) was used.
In another project I would be more aware of critical variables right from the beginning,
such as the computing background of students, and would consider using a developed
and tested questionnaire from some other source to collect relevant data.
With the experience of using a mixture of quantitative and qualitative data, I would in
future design the interviews to ensure that I elicited information about interesting
features that emerged after the quantitative data had been more fully analysed.
Ideally, a research project should be completed in shorter time. I found that fitting this
work around full time teaching and other commitments meant that I had to redo parts of
the analysis, sometimes several times, in order to reacquaint myself with the results
each time I returned to the work.
The most valuable lesson that I learnt is the importance of having a strong, but flexible
theoretical framework. Once I had developed my model drawing on activity theory I
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was then in a position to better define my problem, view my research plans more
critically, and to review and redesign my approach to analysing the data. The necessary
tension between my evolving model and my actual research process was a driving force
in the evolution of my research.
Significant results from this study
The importance of the personal plane
All activity systems are multi-voiced. Each person in the
activity of learning mathematics at university has a unique
perspective. 16 However, academics need to know something
about common experiences of students in order to be efficient
and responsive in the planning of learning experiences and tasks. Students with some
common socio-cultural history such as level of mathematics studied at high school,
university degree courses, and background skills in computing might be expected to
need similar kinds of consideration in their learning of mathematics in a CAS
environment. In Chapter 6, one of the seven observations from my research was that
students with a low computing background and a surface approach to learning reported
the least favourable CAS experiences overall (Figures 6.12, 6.13, 6.14, 6.15). These are
mostly the students whose responses about learning actions were placed in Categories A
and B. They wanted more direct teaching of CAS skills and easy to follow worked
examples – the same kind of teaching that they relied on in the past. However, students
are not surface learners or deep learners independently of the task. What needs to be
questioned is the kind of learning experiences that have led these students to believe that
success in mathematics is about having a good memory and relying on reproducing
other people’s solutions to other people’s problems. Is that what mathematics is? Is that
what mathematics in their personal futures is going to be? Is there a way to use the new
possibilities of CAS to take students closer to the kinds of mathematical applications
and research that may excite them to get involved? Can they get to the edge of current
research, and also to genuine practical applications of mathematics, sooner?

16

The contrasting views of the two academics interviewed for Chapter 8 are examples.
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There is a tension in the activity system between exchange and use value, that is,
between working for marks and working for understanding. When academics become
aware of the low numbers of students who are working at the level of making personal
meaning (a deep approach to study), this tension becomes visible to them. From the
academics’ perspective, this tension is often resolved by “blaming the student” and/or
attributing a deficit to the preparation of students. A different way forward is to rise to
the challenge to design tasks and assessment schemes that foster and reward creativity
and deep thinking rather than reproduction.
The other issue concerning these students who did not have a successful introduction to
Mathematica is their self-reported low levels of computing background. Is enough being
done at the school level to convince students that modern mathematics is often done
with the aid of computer software of various kinds?
Subjective, motivating ‘objects’: having a purpose
Leont’ev’s words are important here: “There can be no activity
without a motive. ‘Unmotivated’ activity is not activity devoid
of a motive: it is activity with a motive that is subjectively and
objectively concealed.” (Leont’ev, 1979, p. 59). The ‘motive’
mentioned here is the ‘object’ in my model. In my model of the activity system for
learning mathematics at university I have identified multiple ‘objects’ for the students
and the lecturers. Students who reported the most positive experience with Mathematica
often reported more than one goal, and were able to manage their time to achieve marks
and understanding of the mathematical concepts and technique and gain a new tool and
enjoy the experience of working with others. Even when the tasks set were difficult or
tedious, these students adapted to the requirements and showed independence and
enterprise. For example, student S1 described how he tried three methods of preparing
for the Mathematica labs until he found one that enabled him to complete the work in
the hour provided and also get the attention he needed from the tutors. In his first
method he read the material beforehand and typed it in during the lab. In his second
method he typed in all the commands first and then executed them one by one until he
had problems – but this meant he was asking for help at the same time as everyone else.
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Then – “ …the next ‘upgrade’ was to actually get hold of the exercise a couple of days
early and then slot all the commands in, in my own time before the Mathematica class.
Then I could be sticking up my hand when everyone else was entering the commands”
(Interview with student S1). Only with his third method was he able to find the time to
finish the required work and capture the attention of the tutors in the labs to get the
assistance he needed. This level of independence and enterprise needs to be encouraged
in school and university students. Teaching and assessing mathematics as a series of
unrelated, memorisable techniques to solve isolated tasks that each takes less than a few
minutes to complete, and that someone else marks, is not likely to foster such
independence.
One of the most significant results of my research was that for this group of students,
and most strikingly for students with a deep approach to studying mathematics,
appropriating the tool for their own use was strongly associated with having a purpose
for doing so. This is demonstrated by the Mathematica Assignment results for students
in subject 1 (Chapter 7, Figures 7.5 and 7.6). In certain cases, when it came to
appropriating the tool, having an intention to make personal meaning mattered more
than computing background. This is clear from the analysis in Chapter 6, where Figure
6.12 illustrates the differences in scores on the component “I gained a useful tool” when
students are grouped by approaches to learning and by computing background.
The relationship between personal computing background and having a purpose for
engaging with mathematics is also evident in the structure of the first two components
from the principal component analysis. In Table 9.1 the items with loadings greater than
0.3 on these components are listed. There is an overlap, and the two components are
correlated to a small degree. But it is clear on reading the items in this way that the first
component is about experiences in the personal plane related to making personal
meaning from the mathematical aspects of the experiences.
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Table 9.1
Items loading on Component 1and Component 3 in the principal component analysis of
Chapter 6.
Component 1: OWN_TOOL

Component 3: EASY

I gained a useful tool

I found it easy and fun

35. I have used Mathematica to investigate
mathematical questions of my own that arose in
other subjects. (0.807)

37. I found that Mathematica was easy to use.
(0.720)

34. I have been able to use Mathematica in
completing set work for other subjects. (0.786)
19. I often used Mathematica to check my
calculations when working on my own on other
parts of the subject. (0.738)
18. The only time I used Mathematica was when
we had to hand something in. (Reversed) (0.682)
17. I often used Mathematica to explore my own
questions about mathematics. (0.656)
46. Using Mathematica did nothing to help my
mathematical understanding. (Reversed) (0.425)
50. I found it easy to learn Mathematica because of
my previous experience with computers. (0.361)

50. I found it easy to learn Mathematica because of
my previous experience with computers. (0.619)
47. Mathematica was fun. (0.596)
6. We did not have enough instruction on how to
use Mathematica. (Reversed) (0.404)
1. For me, using Mathematica was very frustrating
most of the time. (Reversed) (0.395)
51. Using Mathematica made it possible to see how
mathematics is used to analyse real situations
rather than just made up textbook questions.
(0.355)
31. Mathematica just added to the amount we
already had to learn. (Reversed) (0.302)

3. The Mathematica work that we did helped me to
understand the concepts in this subject. (0.358)
44. I need more practice with Mathematica before I
can use it as a tool. (Reversed) (0.344)
1. For me, using Mathematica was very frustrating
most of the time. (Reversed) (0.325)

In particular, note the location of Items 3: “The Mathematica work that we did helped
me to understand the concepts in this subject” and 17: “I often used Mathematica to
explore my own questions about mathematics”. I propose that if students are introduced
to the CAS as a means for checking their own answers and supporting any explorations
they might carry out, they would be more likely to see it as a personally useful tool. The
location of Item 51 “Using Mathematica made it possible to see how mathematics is
used to analyse real situations rather than just made up textbook questions” is
interesting. It loads more with Component 3. This is a useful aspect of Mathematica but
does not seem to be related to the personal meaning making of Component 1.
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Mathematics as a tool, CAS as a tool
This is a complex issue and this research has only started to
unravel some of its implications. The key to understanding it is to
remember that the activity system is seen differently from the
different perspectives of all its participants.17 Anders Berglund,
(2001), uses a unique combination of phenomenography and activity theory to
investigate the experience of learning in a computer science subject from the inside of
the activity system. That is, he uses his phenomenographic analysis of student interview
data to view the activity system as it is experienced by the learners in their context.
Here, I am going to begin by using the insights from the data analysis Chapters 6, 7, and
8 to look at the activity system from the points of view of various participants.
For the student whose primary ‘object’ is getting marks with minimum effort, the CAS
experience for some subjects in the semester I investigated afforded the opportunity to
turn up at the lab, type into a computer a few lines of code copied from a handout, and
leave after one hour with 1% of the final mark in the subject recorded against their name
for merely being there and making an effort of some kind. In this case, the CAS is a tool
used towards getting the marks. For the student whose primary ‘object’ is enjoying the
social side of learning with others, the same affordance is there. Once a student has an
‘object’ that includes some attention to making personal mathematical meaning, the
CAS can be used as a tool for that purpose, and the marks are secondary. Some students
found that they could use the CAS for checking their own pen and paper work at times
that suited them when they could not fit in a visit to the lecturers or to the Mathematics
Study Centre (a drop-in centre):
I physically did not have the time to be able to wade through questions, get them wrong, come
back, find out where I went wrong the next day, try them again, get them almost right, you
know, like I was really much more time constrained than that and I really had to know that I was
on the right track straight away. I was considering hiring a private tutor, but because my hours
and you know, because everything about my domestic life and work life is so unpredictable, I
mean I couldn’t really hire a tutor because I couldn’t tell them when they were going to be
necessary. It’s not really reasonable to expect anybody to be on 24 hour call. But like,
17

I am indebted to Anders Berglund for his personal communication on this issue. (A. Berglund, personal
communication, February 19, 2004).
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Mathematica was great. You know, if I was feeding, giving the 1 year old, or, at the time the 6
month old a bottle or something at 4 o’clock in the morning I mean I could, while I was up
anyway I mean I could just look through, you know, because if I’ve got him in one arm I can’t
write, but I can click a mouse! (Student S6)

Student S6 had an extensive experience in computing, but Student S1 had a low
computing background. Even so, with the intention and purpose to understand for
himself, Student S1 also used the CAS for his own personal mathematical meaning
making, overcoming an initial difficulty:
Interviewer: …is there anything that really sticks in your mind about your very first
experiences with it?

S1: Yeah, just getting muddled with the keystrokes. And not being able to get it to do what I
wanted it to do. But that didn’t actually last long. That didn’t last as long as some other
programmes, some other applications. And within a month or so I guess I realised that actually
Mathematica’s quite well written and does make more sense, and it’s been, it’s had more thought
put into it. By the end of the year I was thinking that there were only 2 applications that I really
enjoyed using, and they were Microsoft Word and Mathematica. (Student S1)

For Lecturer 2 whose spoke about “getting understanding across” and who believes that
motivation to engage in mathematical learning is engendered through copying
interesting, real world, solved problems, the CAS is a tool for his ‘object’ of situating
the experience of that real world problem solving. The CAS also becomes a tool for
illustrating the application of the real mathematics that is still to be done with pen and
paper, and which resides in concepts that the students construct for themselves.
So you’re looking at the same material, but from a completely applied perspective in the one
context, and from a, well, not a completely theoretical but a substantially theoretical context
elsewhere. And hopefully the two inform each other in the student’s mind. (Lecturer 2)

For Lecturer 1, whose primary ‘object’ appears to be taking the students along as
apprentices, the CAS is a tool in his own research and in lectures he demonstrates how
he uses it. Another ‘object’ for lecturer 1 is to encouraging staff and students to acquire
personal mathematical and technology-based “tool-kits’. The CAS is a tool here as it
enthuses some students and staff once they start to use it. In his ‘object’ of reuniting the
analysis and the computational aspects of mathematical study at university, the CAS
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that can be used for both symbolic and numerical calculations is a tool for reducing that
schism.
From a wider perspective, one may see the activity system of “doing mathematics” at
university in its longer term historical context, including research and teaching. Here the
implications are fascinating. As Lecturer 1 says, perhaps we need a new mathematical
method:
I mean it’s clear in Stats that for example that you do your manipulation surrounded by an
environment with a collection of tools. And that’s what Minitab is. And it looks like a little
spreadsheet and you put your data in there and then you can demand how you manipulate it with
your functions, internally. So you’re getting a built-in toolkit. Well, maybe we need to,
Mathematica’s not as structured as that is, I mean it’s sort of, it’s meant to be the equivalent, the
computational equivalent of a piece of paper. Where you decide, you drive the system by saying
“I now want to, I’ll type in an expression, now I’ll differentiate it, now I’ll simplify it, now I’ll
graph it”. So you’re working your way through it the same way that you would work on a piece
of paper, if you could do so. I, is it that we need to contemplate teaching the students a new
paradigm of mathematical method? I mean they see this work on a piece of paper. Maybe we
need to, I don’t know…. decide what the mathematical method is, in terms of things like
Mathematica. (Lecturer 1)

Just what that mathematical method might be is part of the future research and
development to be done in this area. It is development that must, I believe, be carried
out in partnership with the end-users of mathematics – the professional mathematicians
in academia but also in industry and in other professions such as engineering and the
many other disciplines that use mathematics.
Love (1995) points out that the current school mathematics curriculum consists of
learning to carry out techniques, rather than using them (p. 114). When techniques are
automated, what role is there for school mathematics? This question must now be posed
of much of undergraduate mathematics as well. Here is the opportunity to turn attention
to the uses of mathematics. Not just the uses of minor techniques, which are now
automated, but of the whole set of meta-techniques used by professional users of
mathematics when they engage in problem solving and modelling.
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My activity system model also has a place for the wider community. It is possible that
pressure on university mathematics academics from the wider community to supply
graduates who are more skilled at problem solving than in carrying out routine
calculations will eventually percolate to the first year level. Another possibility is that
pressure to change will come from university administrators concerned about decreasing
enrolments in mathematics courses. Students send a clear message when they leave or
decline to enrol in courses that are perceived to be irrelevant to real life.
A large study by Forgasz and Leder (2000) found that there were sharp differences
between five universities when students were asked about the teaching and learning
climate in mathematics. This indicates that the immediate learning context of an
institution can be changed for the better with attention to the issues identified by that
research:
Students’ suggestions for the need for better teachers and tutors, better course
advice, more social contact within departments, a ‘space of their own’, and
raising awareness of potential career paths are worthy of consideration. (Forgasz
& Leder, 2000, p. 42).
Other concerns described by students in the Forgasz and Leder research included the
need to make lectures more interesting, and to show the place of the topics being studied
within an overview of the current state of mathematics. These are places where a good
CAS demonstration in lectures could help.
Learning is essentially social
First I will make a comment about the third category of
engagement in mathematical learning, Category C. In
constructing the categories of engagement in mathematical
learning, my helpers and I used students’ comments about how
they went about learning mathematics, why they used those methods, and what they
thought was needed for success in learning mathematics. We were convinced that an
intermediate category existed between those actions that appeared closely related to
reproducing and the more reflective, need for personal understanding motivation that
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led to actions related to the making of personal understanding of theory and
connections. This intermediate category of actions involved talking to others – peers,
teachers.
The patterns in Figures 6.11, and 6.12 (where the proportion of students per category
identified as having a deep approach to learning increases), indicate that learning with
others is a useful stepping-stone towards being a reflective learner focussed on making
personal meaning. This is entirely consistent with the developmental predictions of
activity theory. On reflection, it may be the case that some of this reported discussion
with others was part of relying on others – being a dependent learner. An issue for
further research is to unpick the relationship between being an independent learner and
being a learner focussed on making personal meaning.
It is clear that all students rely to some degree on help from each other as well as from
tutors, so recommendations for teaching must include provision for students to discuss
together and have access to skilled tutors. The tutors should be skilled in the CAS but
also in promoting group work. Examples of this kind of learning experience can be
found in the developmental research reported in Chapter 2, for example, Guin and
Trouche, (1998). More locally, Goos, Galbraith, and Renshaw (2002) provide an
example of research into the kinds of social interaction in small groups that facilitates
successful problem solving.
Implications for teaching practice
I believe that the power of computer algebra systems is only tapped in a small way in
teaching practice, and that a radical re-think of the structure of typical mathematics
degree courses is needed to change this. Much of the content of first and even second
year subjects is concerned with learning routine algorithms that are now made the
function of a machine. If the content of years 11 and 12 at high school is also
reconsidered, the possibility for a completely different syllabus at these levels is
exciting. It could be based in real world problem solving and involve rich learning tasks
and problem based learning. It could also include problem solving based on
investigations of abstract mathematical topics.

209

CHAPTER 9

Such a curriculum would require innovative teachers. As Leone Burton points out,
Of course with each new generation of teachers who have not encountered the
excitement and frustration 18 and whose learning has always been dependent
upon a didactic and transmission-based model, there is no alternative experience
for them to draw on in their own practices. (Burton, 1999, p. 140)
The availability of CAS on personal computers has the potential to give teachers as well
as students the experience of being researchers. Other new developments in information
technology such as chat rooms and well-conducted email discussion lists where teachers
can pose mathematical questions without fear of ridicule also add to this possibility.
An issue that needs to be addressed is the extent to which the automation of routine pen
and paper procedures at the first year level is necessary for the learning of more
complex procedures and concepts at later levels. This is an important area for
developmental research and is considered again in another section later in this chapter.
Meanwhile, listening to the voices of the students in my research, there are clear
directions for immediate improvement of the teaching and learning context. These
include:
•

Consideration of the workload involved in learning new software

•

Helping students to find their own purpose in the activity by pointing out its
relevance to their own mathematical studies and/or to future career directions

•

Integrating CAS into teaching - demonstrate in lectures and use it in lectures to
do “on the spot” investigations

•

Ensuring that all tutors are adequately trained in the CAS themselves

•

Considering constructing groups to include expert users alongside novices.

There are sources that could be utilised to find relevant recommendations for good
practice in technology rich teaching and learning environments, for example, Alexander
and McKenzie (1998) list features of successful and unsuccessful innovations.

18

(The excitement and frustration of carrying out their own research in mathematics)
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Suggestions for further research
Preliminary comments about the role of theory and research in education.

THEORY & RESEARCH

POSSIBLE FUTURE
PRACTICES

CURRENT PRACTICE

Figure 9.1
A scheme for the relationship of theory to educational practice.
Research, theory, and practice all inform and influence each other. However Figure 9.1
aims to show that an important role for theory and research in education is to facilitate
reflection on current practice and to point to possible future practices. In the theory of
activity systems, research might describe an activity system of current practice and
identify sources of tension and contradiction. In resolving these, the activity system
changes and develops. However, the structures supporting possible future practices are
flimsy when compared to the thick walls surrounding current practice. These thick walls
are the walls of personal habit and institutional inertia.
Activity theory fundamentally holds that activity is directed by a purpose – no purpose,
no activity: no purpose to change, no change. In activity systems, contradictions and
tensions are the engine for change, but one way to resolve a tension without changing
the system is to move it or to eliminate it or simply to refuse to see it. In developed
countries, there is a tension arising from the curriculum challenge of new technologies,
tools such as graphing calculators and computer software, that operationalise much of
the traditional mathematics syllabuses. These tools offer new avenues for students’
exploration of socially important areas of mathematics such as statistics and financial
mathematics. Yet the response from parts of the educational system in Australia is slow,
slow adoption. I believe that one reason for the tardiness is the enduring notion that
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mathematics exists separately somewhere in people’s heads and in books, and not in
people’s practice, or activity. As long as this is the prevailing belief of mathematics
educators, tools for learning and doing mathematics will not be as highly valued as they
clearly are by those making and using new mathematics. I believe that the practice of
mathematics has always been purposeful, tool mediated, and conducted in a social
context.
It needs to be acknowledged that at the school level, other concerns such as access and
equity issues and a concern about the digital divide have contributed to the slow pace of
the adoption of technology in mathematics curricula. It may be time to shift the debate
from “At our school the students cannot afford to buy / the school cannot afford to buy
this technology” to “What are the consequences for everyone if the next generation does
not develop the skills and attitudes needed to study and work at the more creative levels
that this technology can enable?”
In the university sector there are fewer obstacles to change in terms of equity concerns
and the inertia of large bureaucracies. Obstacles are still found in the generationally
learned attitude that pen and paper mathematics is mathematics. The delays appear to be
around the following issues:
•

Unfamiliarity of staff with the new tools

•

Unfamiliarity of staff with non-transmissive teaching practices

•

Unfamiliarity of staff with non pen-and-paper assessment practices

•

Uncertainty about the place of tools when conceptual development is foregrounded

•

Concern that pen and paper skills will be lost

•

Concern that students with low computing skills will be disadvantaged

My research, which aimed to find out about the experiences of a local group of students
and some of their teaching staff, has provided insight into the dynamics behind some of
the issues above. It has also raised questions for further research. Specific directions for
future research are considered in the next section.
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Particular suggestions for future research
I will highlight three main directions for future research. First the issue of conceptual
learning with the new CAS tool needs to be addressed. This was mentioned in the
section on implications for teaching practice. We do not know yet just how the
replacement of much rehearsal with pen and paper by CAS work will affect the learning
of particular concepts. Povey and Ransom (2000) found that students expressed concern
about losing control:
The implication is that if you don’t know ‘how the computer did it’, then you
don’t ‘understand’ and it is out of your control. This particular choice of words
is interesting because, of course, computers and calculators do not do
calculations the same way people do. Even when people realise that this phrase
is not to be taken literally, they can find it hard to let it go because it serves as a
metaphor for ‘understanding’. (p. 57)
Research in the use of CAS must address issues of what understanding and concepts
mean to teachers and to students. Looking more deeply into this we have to ask the
question “What is a mathematical concept?” If it is a tool invented by researchers in the
acquisitive view of learning to describe the progress made by learners of mathematics,
then what replaces it in the participatory view of learning? How would an activity
theory view of learning transcend the acquisitive/participatory divide? I suggest that this
is a new area for university mathematics education research and I propose the schema
shown in Table 9.2.
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Table 9.2
A proposed schema for the frameworks of research in mathematics education
Acquisitive view

Participatory view

Activity Theory view

Mental tools called concepts are

A beginner in mathematics

A beginner in mathematics

acquired by reflection on tasks and

participates in learning groups

participates in groups alongside

procedures learnt to complete those

and uses the tools appropriate for

expert users and learns to use the

tasks.

elementary tasks.

appropriate tools for tasks that

More complex tasks require

have an authentic and visible

efficient performance of elementary

For more complex tasks the

purpose. Cognitive tools

tasks at the operational level.

learner participates in groups.

(including concepts), and

Learning is assumed to have

The learner gradually acquires

awareness, are formed through

happened when the learner can use

an identity as a member of a

social activity.

these conceptual mental structures

community of practitioners.

to solve previously unseen tasks.

For more complex tasks the

The technology used to complete

Learning is assumed to have

learner consciously plans

the task is secondary since the main

happened when the learner

solutions and allocates certain

aim is assessment of the acquisition

displays competence in tasks

operational procedures to a

of mental structures.

valued by the communities of

machine. Learning is assumed to

The role of social and institutional

educational and mathematical

have happened when the learner

contexts is largely irrelevant, or is

practitioners, even though those

is able to participate actively in

considered as affective issues such

tasks often consist of artificial

problem solving teams and

as motivation and confidence

work such as pen and paper

engages in productive discussions

separate from the mental work.

examinations.

about the work.

The learner in the activity theory view still needs assistance and mentoring, and needs to
learn what Lecturer 1 called “a new mathematical method”, incorporating all the aspects
of mathematical work – pen and paper, machines, and discussion with other people. The
idea of understanding performances (Perkins and Unger, 1994), as discussed in
Chapter 2, would be a productive direction for research in this area within existing
educational institutional parameters.
Second, and linked to the first, developmental research needs to be carried out into new
ways to incorporate CAS into teaching and learning activities. Looking to the future, the
changing sizes of computers/ laptops/ palm-held devices are likely to alter the
requirement for laboratory work. Eventually, ordinary classrooms and even workplaces
rather than computer laboratories should, I believe, become the location for this
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developmental research into teaching and learning. This research should be carried out
as co-operative ventures with teaching staff. Active researchers in mathematics would
be encouraged to participate as mentors and as providers of authentic tasks. The CAS
would be seen as an aspect of professional practice. The creative and innovative aspects
of solving real problems with new tools, and engaging with the changing technical
context for making new mathematics would take precedence over the view of the CAS
as an industrial tool that merely automates existing tasks.
Third, a new angle for research concerns the history of tools in mathematics and how
the use of tools shapes the practice and learning of mathematics. As Verenikina and
Gould state:
Activity theory recognises the cultural heritage of tools with tool mediation
being the way that cultural knowledge is transmitted. Tools and the culturally
developed ways to use these tools to shape the external activity of individuals,
and, through the process of internalisation, influence the nature of mental
processes. (Verenikina Gould, 1998, p. 17)
An example of this process for individual mathematics students is described by
Chassapis (1999) who describes the different ways that primary students talked about
circles at two stages – first after using tracers and templates to make circles and second
after using compasses. Only after the second stage did the students focus on centre and
radius properties of circles when asked to talk about their work. Similarly, the way that
individuals think about mathematical objects is affected by the CAS tools they use, as
outlined by some of the research reported in Chapter 2. Activity theory predicts that
beyond individuals and across generations, the ways that tools are used become part of
the cultural history of a society. Investigating the ways that a CAS is different from but
also similar to earlier computing tools in mathematics such as programming languages
like FORTRAN would help to put into perspective the revolution of the new
information and communication technologies.
To conclude this chapter, and the thesis, I return to the words of Lecturer 1 who saw the
possibility of CAS tools being used to mend the schism between computation and
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analysis in the structure of subjects at university level:
Why do you compute numbers? I mean a yard of numbers, a truckload of numbers is of no
interest to anybody. It’s what you choose to do with it. And it must give you; it must add value
to what you’re doing. And the purpose for example of a visualisation these days is, if you’ve got
so much data it’s just… you just cannot deal with it, then you choose to compress it. With a
visualisation technique, and generate a picture. Which is worth a thousand words. Probably
worth, it’s a vastly stronger compression algorithm than just a thousand words. (Lecturer 1).

The vision here is of a method of experimental mathematics that is not explicitly taught
to our students in their first year but is available and possible with the power of CAS
and the graphical interface. Gleick (2003) reports that Isaac Newton computed
obsessively, as most people daydream. But the outcome of that computation was
insight. Lecturer 1 in his interview mentioned a quote by Richard Hamming: “The
purpose of computing is insight, not numbers.” It is not too far fetched to think that our
students could gain some of this insight for themselves with less emphasis on learning
routine algorithms and more on forming and testing, through computation with a CAS
that will perform the necessary routine algorithms, their own conjectures. In such an
enterprise they would be learning to be mathematicians by engaging in authentic
mathematical tasks.

216

APPENDIX A
Student survey.

STUDENT SURVEY
Biographical details

Please tell us about yourself.

This part will be removed from the rest of the survey before your answers to other questions are analysed.

Where there is a choice given, please circle one of the alternatives.

Student Number _________________________________
Age _________
Male/Female
Language spoken most of the time at home__________________________________

Course enrolled in at UTS_____________________________________

Did you study Mathematics for the NSW HSC last year (1998)? Yes/No
If so, level studied: 4 unit / 3 Unit / 2 Unit Related / 2 Unit MIS
If not, highest level of mathematics studied before this year, and the year you did that
study
_____________________________________________________________________

Please indicate with a tick which mathematics subject you were enrolled in last semester:
[ ] Mathematics 1 (BSc, B Math Fin)
[ ] Mathematical Modelling for Science
[ ] Mathematical Modelling 1 (Engineering degrees)
OR
[ ] Another Mathematics Subject (Please specify)………………………………………………..
OR
[ ] No Mathematics subjects at UTS last semester
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Conceptions of learning mathematics
1. How do you usually go about learning some maths?
It may help to think about some maths you understood really well. How did you go about
learning that?

2. Regarding your answer to question 1, why did you choose those methods?

3. What do you think is needed to be successful at learning mathematics?

Computing background
4. Do you have access to a computer at home? Yes/ No
5. Do you regard yourself as a competent user of any of the following software?
Spreadsheets Yes / No

If yes, please state the name of the software_______________

Word Processing Yes / No

If yes, please state the name of the software_______________

Mathematical software Yes / No

If yes, please state the name of the software___________

6. Please estimate the number of hours each week that you spend on
(a) Using the internet (including email) for work and/or study
__________________________
(b) Using the internet (including email) for other reasons e.g. entertainment, social
________
(c) Playing computer games (not on the internet)
___________________________________
Overall, how would you rate your own computing background and experience?
Very limited / adequate for my study needs / more than adequate for my study needs /
extensive
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Conceptions of Mathematics Questionnaire
On the following pages are a number of questions about what you think Mathematics is. The
statements have been carefully selected from those made by students about what they think
mathematics is.
For each item there is a row of numbers (1 – 5) corresponding to a five point scale. Please circle
one of the five numbers. The numbers indicate how strongly you agree or disagree with the
statement, and stand for the following responses:
.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

Strongly disagree
Disagree
Neither disagree or agree
Agree
Strongly agree

Please answer each item. Do not spend a long time on each item; your first reaction is probably
the best one. Do not worry about projecting a good image. Your answers are CONFIDENTIAL,
and will not be divulged to anyone teaching this course. Thank you for your co-operation.

Strongly
disagree

Strongly
agree

1. For me, mathematics is the study of numbers.

1

2

3

4

5

2. Mathematics is a lot of rules and equations.

1

2

3

4

5

3. By using mathematics we can generate new
knowledge.

1

2

3

4

5

4. Mathematics is simply an over complication of
addition and subtraction.
5. Mathematics is about calculations.

1

2

3

4

5

1

2

3

4

5

6. Mathematics is a set of logical systems which have
been developed to explain the World and relationships in
it.
7. What mathematics is about is finding answers
through the use of numbers and formulae.
8. I think mathematics provides an insight into the
complexities of our reality
9. Mathematics is figuring out problems involving
numbers

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

10. Mathematics is a theoretical framework describing
reality with the aim of helping us understand the world.
11. Mathematics is like a universal language which
allows people to communicate and understand the
universe.

1

2

3

4

5

1

2

3

4

5

12. The subject of mathematics deals with numbers,
figures, and formulae.

1

2

3

4

5
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13. Mathematics is about playing around with numbers
and working out numerical problems.
14. Mathematics uses logical structures to solve and
explain real life problems.
15. What mathematics is about is formulae and applying
them to everyday life and situations.
16. Mathematics is a subject where you manipulate
numbers to solve problems.
17. Mathematics is a logical system which helps explain
the things around us.
18. Mathematics is the study of the number system and
solving numerical problems.
19. Mathematics is models which have been devised
over years to help explain, answer and investigate matters
in the world.

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

If you feel that your conceptions of Mathematics have not been fully reflected in the
questions above, please comment below about any aspects that have not been addressed:
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Study Process Questionnaire
On the following pages are a number of questions about your ways of studying your
Mathematics course in first semester this year.
For each item there is a row of numbers (1 – 5) corresponding to a five point scale. Please circle
one of the five numbers. The numbers stand for the following responses:
1.
2.
3.
4.
5.

.
.
.
.
.

.
.
.
.
.

this item was only rarely true of me when I studied Mathematics last semester
this item was sometimes true of me when I studied Mathematics last semester
this item was true of me about half the time when I studied Mathematics last semester
this item was frequently true of me when I studied Mathematics last semester
this item was almost always true of me when I studied Mathematics last semester

Please answer each item. Do not spend a long time on each item; your first reaction is probably
the best one. Do not worry about projecting a good image. Your answers are CONFIDENTIAL,
and will not be divulged to anyone teaching this course. Thank you for your co-operation.
only
rarely

1. I am concentrating on studying mathematics largely
with a view to the job situation when I graduate rather than
because of how much it interests me.
2. I find that studying mathematics gives me a feeling of
deep personal satisfaction.
3. I think browsing around is a waste of time, so I only
study seriously the mathematics that’s given out in class or
in the course outline.
4. While studying mathematics I think of real life
situation in which the material that I am learning would be
useful.
5. I am worried about how my performance in
mathematics will affect my overall assessment.
6. While realising that mathematical ideas are forever
changing and knowledge is increasing, I need to discover
what is meaningful for me.
7. I learn some things in mathematics by rote, going over
and over them until I know them by heart.
8. In reading new material in mathematics I find that I’m
continually reminded of material I already know, and see
the latter in new light.
9. Whether I like it or not, I can see that doing well in
mathematics is a way for me to get a good result in first
year.
10. I feel that mathematics becomes interesting once I
become involved in studying it.
11. In studying mathematics I am focusing more on the
examples than the theoretical material.
12. Before I am satisfied, I find that I have to do enough
work on mathematics until I personally understand the
material.

almost
always

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5
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13. I worry that even if I work hard in mathematics the
assessment might not reflect this.
14. I find that studying mathematics is as interesting as a
good novel or movie.
15. I restrict my study of mathematics to what is
specifically set, as I think it is unnecessary to do anything
extra.
16. I try to relate what I have learned in mathematics to
material in other subjects.
17. I think it’s only worth studying the mathematics that I
know will be examined.
18. I become increasingly absorbed in mathematics the
more I do.
19. I learn mathematics best from teacher(s) who work
neatly from carefully prepared notes and outline major
points neatly on the blackboard.
20. I find most aspects of mathematics interesting and
spend extra time trying to obtain more information about
them.
21. I almost resent having to study mathematics but feel
that the end result will make it all worthwhile.
22. I spend a lot of my free time finding out more about
interesting aspects of mathematics.
23. I find it best to accept the mathematical statements
and ideas of my teacher(s) and question them only under
special circumstances.
24. I believe strongly that my aim in studying
mathematics is to understand it for my own satisfaction.
25. I am prepared to work hard in mathematics, because I
feel it will contribute to my employment prospects.
26. Studying mathematics challenges my views on how
the world works.
27. I am very aware that teacher(s) know a lot more
mathematics than I do, so I concentrate on what they say,
rather than rely on my own judgement.
28. I try to relate new mathematics material, as I am
reading it, to what I already know.

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

If there is some aspect of the way you personally studied mathematics last semester
that you feel has not been covered by the questions above, please write comments
below:
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First Experiences of Mathematica Questionnaire
If you did not use Mathematica in a mathematics subject at UTS last semester please
skip this part and turn to the last page
Please indicate with a tick which mathematics subject you were enrolled in last semester:
[ ] Mathematics 1 (BSc, B Math Fin)
[ ] Mathematical Modelling for Science
[ ] Mathematical Modelling 1 (Engineering degrees)
[ ] Other (Please specify…………………………………)
On the following pages are a number of questions about what your initial experiences with Mathematica
have been like. The statements have been carefully selected from those made by students in similar
subjects.

For each item, please mark a point on the scale to indicate your response.
For example:

If you feel that the item does not reflect your own personal experience, please do not mark the scale, but
write n/a (not applicable) in the right hand margin next to that item.
Please answer each item. Do not spend a long time on each item; your first reaction is probably the best
one. Do not worry about projecting a good image. Your answers are CONFIDENTIAL, and will not be
divulged to anyone teaching this course. Thank you for your co-operation.
Disagree

Agree

1.For me, using Mathematica was very frustrating most
of the time.
2. The Mathematica assignments forced me to do some
individual thinking and reasoning.
3. The Mathematica work that we did helped me to
understand the concepts in this subject.
4. The Mathematica questions gave me a wider view on
mathematics.
5. In general, the Mathematica assignments were too
difficult for me.
6. We did not have enough instruction on how to use
Mathematica.
7. It was hard for me to understand what the
Mathematica assignments were asking me to do.
8. The Mathematica assignments were interesting.
9. I had difficulty using the printer.
10. Mathematica was very confusing at first, but when it
worked it was quite enjoyable.
11. When I get an unexpected output or error message
from Mathematica I try to work out the reasons why
before changing my input.
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Disagree

Agree

12. The Mathematica assignments were challenging and
made me think.
13. Mathematica assignments emphasized the visual
aspects of the subject (like graphing etc)
14. Mathematica assignments were a good way to get to
learn the software.
15. I had difficulty saving my work onto floppy disks.
16. The computer hardware was unreliable.
17. I often used Mathematica to explore my own
questions about mathematics.
18. The only time I used Mathematica was when we had
to hand something in.
19. I often used Mathematica to check my calculations
when working on my own on other parts of the subject.
20. Mathematica was an invaluable aid to my learning of
mathematical concepts.
21. The lecturer used prepared Mathematica output in
lectures to help to explain mathematical concepts.
22. Getting the right output from Mathematica is largely
a matter of trial and error.
23. I looked for books in the library on Mathematica.
24. Mathematica should be integrated more fully into
tests and exams to avoid the tedious calculations and
algebra.
25. Mathematica takes so long to learn that it is not really
helpful.
26. I resent the time taken on Mathematica assignments.
27. Time spent using Mathematica in tutorials prevents
me from getting help from the tutors on other subject
matter.
28. I enjoyed discussing Mathematica with other
students.
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Disagree

Agree

29. Because of Mathematica, I had interesting
conversations with others about mathematics.
30. Mathematica is too expensive to buy for myself so I
did not have the benefit of working on it at home.
31. Mathematica just added to the amount we already had
to learn.
32. Students with more background in mathematics were
able to do more with Mathematica.
33. I hate computing, so I therefore I hate Mathematica.
34. I have been able to use Mathematica in completing
set work for other subjects.
35. I have used Mathematica to investigate mathematical
questions of my own that arose in other subjects.
36. Through my own efforts, I learnt much more about
Mathematica than I needed to for the assignments.
37. I found that Mathematica was easy to use.
38. The error messages did not help me find out what was
wrong with my typing.
39. Using Mathematica helped me to learn about other
aspects using computers, such as saving files etc.
40. The tutors in the Mathematica labs were helpful.
41. I didn’t like the program at first but it was useful
when I got the hang of it.
42. We spent too long learning how to use Mathematica
rather than learning mathematics.
43. The difficulty in using Mathematica made it almost
not worthwhile doing.
44. I need more practice with Mathematica before I can
use it as a tool.
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Disagree

Agree

45. Mathematica is useful as a checking tool.
46. Using Mathematica did nothing to help my
mathematical understanding.
47. Mathematica was fun.
48. It was frustrating when you forgot capital letters or
used the wrong brackets and it wouldn’t work.
49. I had difficulty finding a spare computer in the labs.
50. I found it easy to learn Mathematica because of my
previous experience with computers.
51. Using Mathematica made it possible to see how
mathematics is used to analyse real situations rather than
just made up textbook questions.
52. Students with more background in computing were
able to do more with Mathematica.
53. Creativity was adequately rewarded in the
Mathematica assignments.
54. The markers made useful comments in my
Mathematica assignments.
55. Working with others on Mathematica was a positive
experience.
56. I found that the Mathematica Help Desk was useful.

Please comment here if you think any of the questions were unclear, or if an
important part of your experience with Mathematica has been overlooked.
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Overall, how would you describe your experiences with Mathematica in your
first semester?

What do you think UTS staff could do to improve your experiences of learning
Mathematics with Mathematica?

Thank you for your time.
Your co-operation is much appreciated.
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APPENDIX B
Sample of the wording used in the consent forms that participants completed.
Participants signed a copy to keep and also signed a copy that they returned. Forms
were used for the surveys and the interviews. The forms for the interviews included a
statement consenting to the audiotaping of the interviews.

PO Box 123
Broadway NSW 2007
Australia
Tel +61 2 9514 2000

UNIVERSITY OF TECHNOLOGY, SYDNEY
CONSENT FORM
(Re: Student Surveys)

Please return this copy
I ______________________ (participant's name) agree to participate in the research project :
Learning in First Year University Mathematics Subjects: The Effect of Computer Algebra Systems
being conducted by Mary Coupland, UTS School of Mathematical Sciences, telephone number
9514 2241 of the University of Technology, Sydney.
I understand that the purpose of this study is to find out how students’ opinions about mathematics, and
learning mathematics, develop during their first year of university study.
The study is part of the research that Ms Coupland is undertaking towards a PhD at the University of
Sydney. Her supervisor there is Dr Kathryn Crawford, telephone number 9351 6393, and in her absence
Dr Elaine Chapman, telephone number 9351 6238.
I understand that my participation in this research will involve about twenty minutes on two occasions
during the semester to complete two surveys, and that this participation is entirely voluntary.
I am aware that if I agree to participate my assessment results in mathematics will be accessed by the
researcher in a form that does not identify me by name, and used as data in the study.
I am aware that I can contact Ms Coupland if I have any concerns about the research. I also understand
that I am free to withdraw my participation from this research project at any time I wish and without giving a
reason. My decision to withdraw will not affect my academic results.
I am aware that if I am a student in a class taught by Ms Coupland, any survey that I complete will not be
analysed until after the assessment for that subject is completed.
I agree that the research data gathered from this project may be published. I agree to this on the condition
that the outcomes are expressed in a form that does not identify me in any way.
________________________________________

____/____/____

Signed by
(Please print your name below your signature)

________________________________________

____/____/____

Witnessed by
(Please print your name below your signature)
NOTE:
This study has been approved by the University of Technology, Sydney Human Research Ethics Committee. If you
have any complaints or reservations about any aspect of your participation in this research you may contact the Ethics
Committee through the Research Ethics Officer, Ms Susanna Davis (ph: 9514 1279). Any complaint you make will be
treated in confidence and investigated fully and you will be informed of the outcome.
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APPENDIX C
This appendix, pages 229 – 235, contains the information used by helpers to construct
the Categories of Engagement in Mathematical Learning, and classify the responses into
those categories, using a method inspired by phenomenography.

Conceptions of learning mathematics: Information for helpers
Categories – There are 113 answers to the following open-ended questions:
(1)
How do you usually go about learning some maths? It may help to think about some
maths you understood really well. How did you go about learning that?
(2)
Regarding your answer to question 1, why did you choose those methods?
(3)
What do you think is needed to be successful at learning mathematics?
The theory I am using highlights goals and motivations as the stimulus for actions, and
acknowledges the contexts (physical and social) that influence the formation of goals. This
means that I am trying to interpret the students’ answers to the three questions above in a way
that identifies their goals, whether the student mentions them explicitly or not.
The aim is to find categories of description, not to do a content analysis. This means I am not
wanting to do something like count the number of times “textbook” is mentioned etc. The
construction of the categories is a negotiated phase of my research and that is where the
assistance of others is important and indeed essential. What I would like you to do is to read the
descriptions of the categories, then the cases that I have chosen to illustrate the categories, and
then try to put the other cases into the same categories. I have made up a recording sheet on
Excel should you want to use that. Please make a note of any “borderline” cases as it is in
discussing these that we will be able to “sharpen up” the categories. And there will probably be
some that simply do not fit into the categories here. One or two are missing and I will classify
those later. The case numbers are not completely sequential as I have had to leave out some of
the returned surveys for other reasons.
First here is an outline of my model, derived from reading through all 113 cases.
Basically, I took it as a given that all students would be needing to pass a pen and paper exam
that they know is quite similar to the exercises they see in their textbooks and in past papers. In
their answers to the first question nearly all of them mention doing exercises and examples.
Some also mention memorising steps in a solution and/or formulae. At the next level out some
will mention studying worked examples and reading notes and textbooks. Then some mention
understanding theory and making my own summaries and diagrams. For the current purposes,
the answers to the second question are important if they reveal something about motive to
memorise vs motive to understand. The kind of things mentioned in the answers to the third
question can, I think, be grouped into personal plane items such as “having a mathematical
brain”, logic, “aptitude for maths” on the one hand, and consistent effort, dedication,
persistence on the other. Also at this level are things like patience, concentration, and good
memory. Finally on the interpersonal plane are lecturers, tutors, other students, and the maths
study centre. There is a diagram on the next page. Yellow represents operations, green is for
actions, red is for attributes of success.

229

Interest, seeing
applications,
creates
motivation.

Success requires logic, “having a mathematical
brain”, “aptitude for maths”, “quick thinking” etc
Success requires
access to good
teachers who
provide good notes
and are available for
consultation.

Take various steps to
understand concepts, theory,
derivation of formulae etc.
(Includes making your own
summary, diagrams, notes…)
Reading other textbooks to make
comparisons. Visualising for
yourself. Reflection on notes.

Success requires
persistence, hard work,
commitment, dedication,
consistent effort etc to
sustain the time and
energy required for all the
practice needed.

Consult teachers, lecturers, tutors, maths
study centre staff, other students for help
when stuck and/or for explanations and
worked examples.

Success requires a good memory.

Study worked examples and
or notes prepared by others
with intention of being able to
repeat the steps.

Memorise
formulae

Attend
lectures, take
notes.

Practice many
questions in order to
become familiar with
the methods, so that
the exam can be done
on an operational level.

Need to pass a pen and paper examination and other tests which are based on solving predictable problems and answering standard
questions, as well as some more difficult, perhaps unseen questions.

Figure C.1
First version of the structure of responses to the open-ended questions about learning
mathematics.
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Interest, seeing
applications,
creates
motivation.

Success requires logic, “having a mathematical
brain”, “aptitude for maths”, “quick thinking” etc

May be in A or B or
C or D

Take various steps to
understand concepts, theory,
derivation of formulae etc.
(Includes making your own
summary, diagrams, notes…)
Reading other textbooks to make
comparisons. Visualising for
yourself. Reflection on notes.

Success requires
access to good
teachers who
provide good notes
and are available for
consultation.

May be in A or B or
C or D

May be
in A or B
or C
Success requires
persistence, hard work,
commitment, dedication,
consistent effort etc to
sustain the time and
energy required for all the
practice needed.

May be
in A or B
or C

D
Consult teachers, lecturers, tutors, maths
study centre staff, other students for help
when stuck and/or for explanations and
worked examples.

C
A
Success requires a good memory.

B
Study worked examples and
or notes prepared by others
with intention of being able to
repeat the steps.

Memorise
formulae

Attend
lectures, take
notes.

Practice many
questions in order to
become familiar with
the methods, so that
the exam can be done
on an operational level.

Need to pass a pen and paper examination and other tests which are based on solving predictable problems and answering standard
questions, as well as some more difficult, perhaps unseen questions.

Figure C.2
Initial Categories as provided for the raters of the responses to the open-ended
questions.
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Categories
Category A has an emphasis on operations in the Activity Theory scheme of things.
Category A
Learning by repetition for the purpose of reproducing. Memory or memorising may be
mentioned.
Requirements for success (third item) may be missing, but if present they are likely to
be about hard work, effort, dedication. It may be about having a good teacher.
Typical As are numbers 1, 2, 24, 31, 37, 46, 48, 61, 62, 63 (This is not an exhaustive
list)
Category B
This is the first category to include actions from Activity Theory.
May include some or all of A but the difference is some mention of referring to notes
and worked examples. The intention is to reproduce or memorise. (This may be an
implied intention). Understanding processes to be used in answering questions may be
mentioned, but if understanding theory or reasons is mentioned the category is C or D.
Requirements for success (third item) may be missing, but if present they are likely to
be about hard work, effort, dedication. It may be about having a good teacher.
Typical Bs are numbers 6, 15, 42, 51, 53, 56 (This is not an exhaustive list)
Category C
Actions are important here. Category C includes consulting others (teachers, other
students, Maths Study Centre) for assistance. It may be with the intention to learn by
copying or to learn by understanding for oneself. Lots of practice is usually mentioned.
Requirements for success (third item) may be missing, but if present they are likely to
be about hard work, effort, dedication. It may be about having a good teacher.
Typical Cs are numbers 4, 10, 23, 60, 73 (This is not an exhaustive list)
Category D
Actions are important here: directed towards the goal of understanding for
oneself.
There is evidence of doing something independent (making one’s own notes, making
summaries, reading derivations of formulae in other books, visualising etc.)
Requirements for success (third item) are unlikely to be missing, and they are about
trying to make meaning for oneself. Attributes like persistence, hard work, consistent
effort, commitment etc may be mentioned. Some will also say that logic, having a maths
mind or an analytical mind is needed. Some will mention interest in the subject and
applications to the real world.
Typical Ds are numbers 3, 13, 14, 71, 75, 86 (This is not an exhaustive list).
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Recording sheet for categories of learning mathematics
Please tick the appropriate column, or indicate if you think it is a borderline case.
I have marked with an X the cases that I think exemplify the four categories.
If you think there is a case for creating sub-categories or new categories, please indicate.
Case
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
20
23
24
25
26
31
32
33
34
35
37
42
43
44
46
47
48
49
51
52
53
54
55
56
58
59

A
X
X

B

C

D

Notes

X
X
X

X
X
X
X
X
X
X

X
X
X
X
X
X
X
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60
61
62
63
64
65
66
67
68
69
70
71
73
74
75
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
95
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111

X
X
X
X

X
X
X

X

234

112
113
114
115
116
117
118
119
121
125
126
129
130
131
132
133
134
135
137
139
140
141
142
143
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APPENDIX D
Tables relating to the principal component analysis of survey data
Table D.1
Correlation table of the 29 items used in the Principal Components Analysis.
The items are listed in Table 6.2.
1
-448
-445
408
-155
-209
-351
406
-315
321
430
-194
-210
463
-238
-302
-370
224
-172
244
564
371
524
-485
162
-460
-327
-7
-127

3

4

6

10

11

17

18

1
3
4
6
10
11
17
18
19
22
25
28
29
31
34
35
37
38
41
42
43
44
46
47
48
50
51
55
56

744
-413
279
279
436
-309
323
-242
-336
221
245
-395
298
357
414
-188
217
-306
-483
-286
-584
417
-97
438
320
127
241

-468
334
175
332
-216
144
-164
-230
240
227
-389
223
234
340
-325
270
-261
-538
-276
-531
413
-116
291
356
111
187

-257
-179
-230
227
-123
384
363
-321
-160
399
-193
-133
-470
318
-81
313
488
316
334
-447
191
-360
-320
-79
-241

108
195
-91
165
-117
-222
241
26
-163
190
236
342
3
352
-146
-302
-132
-128
358
31
28
207
249
-15

170
-219
176
-143
-186
146
110
-155
153
167
160
51
18
-185
-194
-124
-365
195
-46
156
49
102
177

-465
419
-209
-262
283
252
-243
445
424
154
-106
138
-197
-223
-276
-314
258
-47
325
240
42
110

34
691
202
-140
164
-53
-175
-368
-289
324
15
358
204
-64
258

35
295
-48
194
-101
-234
-371
-338
357
-90
348
210
56
296

37

38

41

42

35
37
38
41
42
43
44
46
47
48
50
51
55
56

17
-113
213
179
179
-61
83
-35
173
77
-205

-151
-316
-69
-211
253
126
165
127
-14
148

543
156
324
-275
179
-247
-55
-59
-200

-101
249
-256
-405
-325
-309
612
-81
476
314
191
268

19

22

25

28

29

31

-356
281
295
-275
-360
368
-490
-602
-179
106
-168
161
308
301
527
-312
81
-259
-223
-11
-239

46
-137
189
78
-270
428
518
197
49
58
-31
-134
-315
-351
260
-48
283
252
120
129

382
-271
-138
417
-131
-159
-132
83
-78
268
407
135
309
-258
259
-323
-113
-105
-277

-200
-172
406
-146
-230
-331
70
-307
323
438
314
395
-289
34
-295
-159
-136
-86

608
-260
259
306
384
-122
127
-239
-294
-305
-276
480
-164
102
244
333
312

-239
193
285
296
-105
167
-153
-268
-396
-315
401
-126
149
290
256
344

-294
-366
-255
76
-172
347
576
223
406
-510
205
-349
-306
-33
-160

43

44

46

47

48

50

51

55

354
528
-468
204
-286
-298
-133
-276

406
-294
-24
-293
-279
-93
-137

-468
-2
-367
-471
-196
-326

-224
391
377
256
330

-163
111
2
-362

243
7
159

247
117

148

-

-

Note that all correlations have been multiplied by 1000 to fit table to page.
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Table D.2

Unrotated component matrix (Used in Chapter 6 to describe contrasts).

1z(rev) For me, very frustrating most of time
3z Helped me understand concepts in this subject
4z Gave me a wider view on maths
6z(rev) We did not have enough instruction on how to use
Mca
10z Confusing at first, enjoyable when it worked
11z I think about unexpected output before changing input
17z Used to explore own qns about maths
18z(rev) Only used Mca when required to hand in
19z Often used Mca to check calcs on other parts of subject
22z(rev) Getting right output largely trial and error
25z(rev) Takes so long to learn, not really helpful
28z Enjoyed discussing Mca with other students
29z Mca led to interesting conv with others about maths
31z(rev) Just added to amount to learn
34z Used in set work in other subjects
35z Used in own qns from other subjects
37z I found it easy to use
38z(rev) Error messages did not help
41z Dislike at first, useful later
42z(rev) Spent too long on Mca rather than on maths
43z(rev) Difficulty made it almost not worthwhile
44z(rev)Need more practice before I can use as tool
46z (rev) Did not help my maths understanding
47z Mathematica was fun
48z (rev) Frustrating when you forget capitals etc
50z Easy because of my computer experience
51z Showed maths in real situations
55z Working with others on Mca was positive
56z Mca Help Desk was useful for me

1
.689
.697
.644

2
.069
.130
.217

.596

.225

.358
.292
.566
.631
.509
.452
.531
.557
.511
.640
.532
.607
.641
.252
.358
.364
.702
.563
.737
.717
.279
.574
.509
.150
.429

.228
.192
-.325
-.378
-.492
.278
.318
-.084
-.194
.170
-.619
-.582
.138
-.071
.092
.546
.429
-.197
.036
.113
-.019
-.045
-.064
.257
-.063

Component
4
5
-.336
-.005
-.177
.107
-.156
.388

6
-.022
.232
.201

7
-.162
.291
.236

8
-.172
-.054
.053

.125

-.098

.283

-.150

.001

-.096

-.485
-.077
-.144
.071
-.243
.404
-.070
.206
.289
.107
-.051
-.080
-.103
.244
-.374
.073
.066
.101
-.102
-.014
.656
.015
-.266
-.162
.469

.242
.022
-.138
-.090
-.020
-.107
-.144
.601
.469
-.160
-.070
.064
.207
-.251
.059
.011
-.121
-.076
-.104
.282
-.031
-.252
.155
.610
.250

.119
-.352
-.058
-.197
-.191
-.229
-.253
.029
.102
-.157
-.024
-.161
.078
.719
.012
-.307
.044
.063
-.059
.017
-.020
-.189
.291
-.042
.042

-.257
.477
.147
.123
.091
-.044
-.112
-.020
.017
-.096
-.121
-.107
-.364
.141
-.419
.022
-.016
-.050
.416
-.178
-.106
-.214
.178
.353
.097

.299
.137
.160
-.119
.112
-.046
-.278
-.085
-.284
-.095
.155
.128
.020
-.028
.001
.085
-.051
-.499
-.144
.085
.404
.025
-.264
-.023
.309

.163
.014
.186
.261
-.152
.136
.177
.102
.135
-.040
.038
.025
-.332
.143
.522
.092
.136
-.031
.046
-.241
-.108
-.435
-.215
-.182
.155

23

27

3
-.004
-.199
-.182

Extraction Method: Principal Component Analysis.
a. 8 components extracted.

Scree Plot
10

8

6

Eigenvalue

4

2

0
1

3

5

7

9

11

13

15

17

19

21

25

29

Component Number

Figure D.1

Scree Plot to illustrate eigenvalues of factors.
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APPENDIX E
Boxplots comparing factor scores on four dimensions of experience with the CAS
Mathematica when students are grouped by computing background.
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APPENDIX F
Boxplots comparing factor scores on four dimensions of experience with the CAS
Mathematica when students are grouped by categories of engagement in mathematical
learning.
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APPENDIX G
Boxplots comparing factor scores on four dimensions of experience with the CAS
Mathematica when students are grouped by categories of engagement in mathematical
learning, and further grouped by high and low computing background.
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APPENDIX H
Descriptive data for the sample of 56 students from Subject 1, the mainstream calculus
course for students of mathematics, and mathematics and finance degrees.

Table H.1 Ages of students in subject 1
Valid

18
19
20
21
22
24
30
31
39
42
Total

Frequency
23
15
6
2
4
2
1
1
1
1
56

Percent
41.1
26.8
10.7
3.6
7.1
3.6
1.8
1.8
1.8
1.8
100.0

Table H.2 Gender of students in subject 1
Valid

female
male
Total

Frequency
26
30
56

Percent
46.4
53.6
100.0

Table H.3 Language spoken most of the time at home

Valid

English
Vietnamese
Chinese
Cantonese
Greek
Arabic
Burmese
Croatian
Hindi
Korean
Macedonian
Total

Frequency
31
7
5
5
2
1
1
1
1
1
1
56

Percent
55.4
12.5
8.9
8.9
3.6
1.8
1.8
1.8
1.8
1.8
1.8
100.0

Cumulative
Percent
55.4
67.9
76.8
85.7
89.3
91.1
92.9
94.6
96.4
98.2
100.0
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Table H.4 Degree courses for students in subject 1

Valid

Maths Finance Courses
Maths Courses
Other
Total

Frequency
30
24
2
56

Percent
53.6
42.9
3.6
100.0

Cumulative
Percent
53.6
96.4
100.0

Table H.5 HSC background for Subject 1 students

Level of HSC
maths or equiv

2 Unit
3 Unit
4 Unit

Recent School Leaver
RSL
NRSL
8
3
17
15
9
4

Table H.6 Subject 1 students estimate the time they spend on various computer activities
N
Hours/week on net for
work or study
Hours/week on net for
social, entertainment
Hours/week computer
games
Valid N (listwise)

Minimum

Maximum

Mean

Std. Deviation

56

.00

15.00

3.0595

3.66149

56

.00

35.00

4.4554

6.20724

56

.00

45.00

3.0179

8.50346

56

Table H.7 Subject 1 students rate their own computing background and experience

Computing
experience

low
high

Rate own computing experience
adequate
more than
for my study adequate for
needs
study needs
very limited
extensive
9
24
20
3
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APPENDIX I
Data for the sample of 56 students from Subject 1, showing the relationship between
Level of HSC mathematics and marks for pen and paper tutorial exercises.

Mark from pen and paper tutorial work

20

38

10

0

-10
N=

11

32

13

2 Unit

3 Unit

4 Unit

Level of HSC maths or equiv

Ranks: Mark from pen and paper tutorial work
Level of HSC
maths or equiv
2 Unit
3 Unit
Total

N
11
32
43

Mean
Rank
12.77
25.17

Sum of
Ranks
140.50
805.50

Test Statisticsb

Mann-Whitney U
Wilcoxon W
Z
Asymp. Sig. (2-tailed)
Exact Sig. [2*(1-tailed
Sig.)]

Mark from pen
and paper
tutorial work
74.500
140.500
-2.826
.005
.004

a

a. Not corrected for ties.
b. Grouping Variable: Level of HSC maths or equiv

Ranks: Mark from pen and paper tutorial work

HSC maths
3 Unit
4 Unit
Total

N
32
13
45

Mean
Rank
20.25
29.77

Sum of
Ranks
648.00
387.00

Test Statisticsa

Mann-Whitney U
Wilcoxon W
Z
Asymp. Sig. (2-tailed)

Mark from pen
and paper
tutorial work
120.000
648.000
-2.205
.027

a. Grouping Variable: Level of HSC maths or equiv
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APPENDIX I (CONTINUED)
Data for the sample of 56 students from Subject 1, showing the lack of any relationship
between Level of HSC mathematics and marks for Mathematica assignment.

12

10

8

Mca assignment mark

6

4

2

0

17
18

63
46

-2
N=

11

32

13

2 Unit

3 Unit

4 Unit

Level of HSC maths or equiv

Ranks
Mca assignment mark

Level of HSC
2 Unit
3 Unit
4 Unit
Total

N
11
32
13
56

Mean Rank
32.09
28.27
26.04

Test Statisticsa,b

Chi-Square
df
Asymp. Sig.

Mca
assignment
mark
.860
2
.650

a. Kruskal Wallis Test
b. Grouping Variable: Level of HSC maths or equiv
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APPENDIX I (CONTINUED)
Data for the sample of 56 students from Subject 1, showing the lack of any relationship
between Level of HSC mathematics and marks for attending Mathematica labs.

12

10
43

45
63

21

8

20
36

Mark for lab attendance

6
17

4

2
46

0

18

-2
N=

11

32

13

2 Unit

3 Unit

4 Unit

Level of HSC maths or equiv
Ranks
Mark for lab attendance

Level of HSC
2 Unit
3 Unit
4 Unit
Total

N
11
32
13
56

Mean Rank
28.00
28.53
28.85

Test Statisticsa,b

Chi-Square
df
Asymp. Sig.

Mark for lab
attendance
.028
2
.986

a. Kruskal Wallis Test
b. Grouping Variable: Level of HSC maths or equiv
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APPENDIX I (CONTINUED)
Data for the sample of 56 students from Subject 1, showing the lack of any statistically
significant relationships between Recent School Experience and the selected
biographical variables, Conceptions of Mathematics, Approaches to Study,
and assessment variables.
(Continues next page)
Ranks
Fragmented conceptions
of maths
Cohesive conceptions of
maths
Surface approach to study

Deep approach to study

Hours/week on net for
work or study
Hours/week on net for
social, entertainment
Hours/week computer
games
Mca assignment mark

Mark from pen and paper
tutorial work
Mark for lab attendance

Exam mark out of 120

FINAL

Recent School Leaver
RSL
NRSL
Total
RSL
NRSL
Total
RSL
NRSL
Total
RSL
NRSL
Total
RSL
NRSL
Total
RSL
NRSL
Total
RSL
NRSL
Total
RSL
NRSL
Total
RSL
NRSL
Total
RSL
NRSL
Total
RSL
NRSL
Total
RSL
NRSL
Total

N
34
22
56
34
22
56
34
22
56
34
22
56
34
22
56
34
22
56
34
22
56
34
22
56
34
22
56
34
22
56
34
22
56
34
22
56

Mean Rank
28.21
28.95

Sum of Ranks
959.00
637.00

26.19
32.07

890.50
705.50

31.60
23.70

1074.50
521.50

26.85
31.05

913.00
683.00

26.59
31.45

904.00
692.00

26.44
31.68

899.00
697.00

29.66
26.70

1008.50
587.50

28.10
29.11

955.50
640.50

29.96
26.25

1018.50
577.50

30.19
25.89

1026.50
569.50

29.81
26.48

1013.50
582.50

29.79
26.50

1013.00
583.00
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APPENDIX I (CONTINUED)
Data for the sample of 56 students from Subject 1, showing the lack of any statistically
significant relationships between Recent School Experience and the selected
biographical variables, Conceptions of Mathematics, Approaches to Study, and
assessment variables. (Continued)
Note that the test approaching significance is for Surface Approach to Study, with
recent school leavers scoring higher.

Test Statisticsa

Mann-Whitney U
Wilcoxon W
Z
Asymp. Sig. (2-tailed)

Fragmented
conceptions
of maths
364.000
959.000
-.168
.866

Cohesive
conceptions
of maths
295.500
890.500
-1.321
.186

Surface
approach
to study
268.500
521.500
-1.773
.076

Deep
approach
to study
318.000
913.000
-.940
.347

a. Grouping Variable: Recent School Leaver

Test Statisticsa

Mann-Whitney U
Wilcoxon W
Z
Asymp. Sig. (2-tailed)

Hours/week
on net for
work or study
309.000
904.000
-1.104
.270

Hours/week
on net for
social,
entertainment
304.000
899.000
-1.183
.237

Hours/week
computer
games
334.500
587.500
-.721
.471

Mca
assignment
mark
360.500
955.500
-.230
.818

Mark from pen
and paper
tutorial work
324.500
577.500
-.831
.406

Mark for lab
attendance
316.500
569.500
-1.269
.204

Exam mark
out of 120
329.500
582.500
-.747
.455

FINAL
330.000
583.000
-.740
.459

a. Grouping Variable: Recent School Leaver

4.5

4.0

Surface approach to study

3.5

3.0

2.5

2.0
N=

34

22

RSL

NRSL

Recent School Leaver
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APPENDIX I (CONTINUED)
Data for the sample of 56 students from Subject 1, showing the lack of any statistically
significant relationships between Computer Experience and the categories for Gender,
Language Group, and Recent School Experience.

Computing Experience num * Gender Crosstabulation

Computing Experience
num

High

Count
Expected Count
% within Computing
Experience num
Count
Expected Count
% within Computing
Experience num
Count
Expected Count
% within Computing
Experience num

Low

Total

Gender
female
male
10
13
10.7
12.3

Total
23
23.0

43.5%

56.5%

100.0%

16
15.3

17
17.7

33
33.0

48.5%

51.5%

100.0%

26
26.0

30
30.0

56
56.0

46.4%

53.6%

100.0%

Chi-Square Tests

Pearson Chi-Square
Continuity Correctiona
Likelihood Ratio
Fisher's Exact Test
N of Valid Cases

Value
.137b
.009
.137

df
1
1
1

Asymp. Sig.
(2-sided)
.712
.923
.712

Exact Sig.
(2-sided)

Exact Sig.
(1-sided)

.789

.462

56

a. Computed only for a 2x2 table
b. 0 cells (.0%) have expected count less than 5. The minimum expected count is
10.68.
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APPENDIX I (CONTINUED)
Computing Experience num * Language numeric Crosstabulation

Computing Experience
num

High

Low

Total

Count
Expected Count
% within Computing
Experience num
Count
Expected Count
% within Computing
Experience num
Count
Expected Count
% within Computing
Experience num

Language numeric
English
Bi-Lingual
16
7
13.1
9.9

Total
23
23.0

69.6%

30.4%

100.0%

16
18.9

17
14.1

33
33.0

48.5%

51.5%

100.0%

32
32.0

24
24.0

56
56.0

57.1%

42.9%

100.0%

Chi-Square Tests

Pearson Chi-Square
Continuity Correctiona
Likelihood Ratio
Fisher's Exact Test
Linear-by-Linear
Association
N of Valid Cases

Value
2.459b
1.674
2.501
2.415

df
1
1
1
1

Asymp. Sig.
(2-sided)
.117
.196
.114

Exact Sig.
(2-sided)

Exact Sig.
(1-sided)

.171

.097

.120

56

a. Computed only for a 2x2 table
b. 0 cells (.0%) have expected count less than 5. The minimum expected count is
9.86.
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APPENDIX I (CONTINUED)
Chi-Square Tests

Pearson Chi-Square
Continuity Correctiona
Likelihood Ratio
Fisher's Exact Test
Linear-by-Linear
Association
N of Valid Cases

Value
1.194b
.663
1.190
1.172

df
1
1
1

Asymp. Sig.
(2-sided)
.275
.415
.275

1

Exact Sig.
(2-sided)

Exact Sig.
(1-sided)

.405

.208

.279

56

a. Computed only for a 2x2 table
b. 0 cells (.0%) have expected count less than 5. The minimum expected count is
9.04.

Computing Experience num * Recent School Leaver Crosstabulation

Computing Experience
num

High

Low

Total

Count
Expected Count
% within Computing
Experience num
Count
Expected Count
% within Computing
Experience num
Count
Expected Count
% within Computing
Experience num

Recent School Leaver
RSL
NRSL
12
11
14.0
9.0

Total
23
23.0

52.2%

47.8%

100.0%

22
20.0

11
13.0

33
33.0

66.7%

33.3%

100.0%

34
34.0

22
22.0

56
56.0

60.7%

39.3%

100.0%
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APPENDIX J
Data for the sample of 56 students from Subject 1, showing the relationships between
the four components of Mathematica experience from the Principal Component
Analysis, and various biographical variables.

Ranks
(1) I gained a useful tool

(2) It was worth the time
spent on it
(3) I found it easy and fun

(4) I enjoyed learning
with others

Language numeric
English
Bi-Lingual
Total
English
Bi-Lingual
Total
English
Bi-Lingual
Total
English
Bi-Lingual
Total

N
27
20
47
27
20
47
27
20
47
27
20
47

Mean Rank
24.11
23.85

Sum of Ranks
651.00
477.00

26.19
21.05

707.00
421.00

22.41
26.15

605.00
523.00

23.48
24.70

634.00
494.00

Test Statisticsa

Mann-Whitney U
Wilcoxon W
Z
Asymp. Sig. (2-tailed)

(1) I gained
a useful tool
267.000
477.000
-.065
.949

(2) It was
worth the time
spent on it
211.000
421.000
-1.269
.204

(3) I found it
easy and fun
227.000
605.000
-.925
.355

(4) I enjoyed
learning with
others
256.000
634.000
-.301
.763

a. Grouping Variable: Language numeric
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APPENDIX J (CONTINUED)

Ranks
(1) I gained a useful tool

(2) It was worth the time
spent on it
(3) I found it easy and fun

(4) I enjoyed learning
with others

Gender numeric
Female
Male
Total
Female
Male
Total
Female
Male
Total
Female
Male
Total

N
21
26
47
21
26
47
21
26
47
21
26
47

Mean Rank
24.90
23.27

Sum of Ranks
523.00
605.00

20.86
26.54

438.00
690.00

25.57
22.73

537.00
591.00

28.00
20.77

588.00
540.00

Test Statisticsa

Mann-Whitney U
Wilcoxon W
Z
Asymp. Sig. (2-tailed)

(1) I gained
a useful tool
254.000
605.000
-.407
.684

(2) It was
worth the time
spent on it
207.000
438.000
-1.412
.158

(3) I found it
easy and fun
240.000
591.000
-.706
.480

(4) I enjoyed
learning with
others
189.000
540.000
-1.797
.072

a. Grouping Variable: Gender numeric

3

(4) I enjoyed learning with others

2

1

0

-1

-2
68

-3
N=

21

26

Female

Male

Gender numeric
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APPENDIX J (CONTINUED)

Ranks
(1) I gained a useful tool

(2) It was worth the time
spent on it
(3) I found it easy and fun

(4) I enjoyed learning
with others

Computing
High
Low
Total
High
Low
Total
High
Low
Total
High
Low
Total

N
20
27
47
20
27
47
20
27
47
20
27
47

Mean Rank
22.35
25.22

Sum of Ranks
447.00
681.00

24.55
23.59

491.00
637.00

30.50
19.19

610.00
518.00

22.55
25.07

451.00
677.00

Test Statisticsa

Mann-Whitney U
Wilcoxon W
Z
Asymp. Sig. (2-tailed)

(1) I gained
a useful tool
237.000
447.000
-.710
.478

(2) It was
worth the time
spent on it
259.000
637.000
-.237
.813

(3) I found it
easy and fun
140.000
518.000
-2.797
.005

(4) I enjoyed
learning with
others
241.000
451.000
-.624
.533

a. Grouping Variable: Computing Experience num
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APPENDIX K
Tables showing the results from the Conceptions of Mathematics Questionnaire and the
Study Process Questionnaire.
Table K.1 showing the results of the Conceptions of Mathematics Questionnaire and the
Study Process Questionnaire.
N
Fragmented
conceptions of maths
Cohesive
conceptions of maths
Surface approach to
study
Deep approach to
study

113

Mean
3.29

0.56

SD

113

3.70

0.58

113

3.24

0.62

113

2.94

0.70

Table K.2 showing the correlations between the subscales on the Conceptions of
Mathematics Questionnaire and the Study Process Questionnaire. (N = 113).
Study Process subscales
Surface Approach
Deep Approach

Conceptions of Mathematics subscales
Fragmented
Cohesive
0.20*
-0.20*
-0.19*
0.55**

* Correlation is significant at the 0.05 level.
** Correlation is significant at the 0.01 level.
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APPENDIX L
Examples of Mathematica activities.
Subject 1 and Subject 3: Students typed in the commands given in booklets. The
commands, when executed, built into solutions of complex problems. Below are
examples from the “Tower of Terror” booklets.
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APPENDIX L (CONTINUED)
Examples of Mathematica activities.
Subject 2: Students worked in the computer laboratories on exercises that required both
Mathematica and pen and paper solutions. An example is printed below:
School of Mathematical Sciences, UTS
Mathematical Modelling for Science, Autumn 1999

WEEKLY TUTORIAL ASSIGNMENT NUMBER 5
In science, a mathematical model is often needed to describe situations in which a quantity
increases to a maximum and then gradually falls away. In this assignment we consider three
such models. Parameters may be added to generate values to suit particular cases. For
example, models related to the function in question 1 have the form: f ( x ) = Axe − kx .
Question 1 (Pen and paper, NOT Mathematica.)
Find the stationary points and points of inflection for the function f ( x ) = xe − x , defined
on the domain x ≥ 0. Check your answers with the Mathematica output on the back of
this sheet.
Question 2 (Pen and paper, NOT Mathematica.)
2
Repeat question 1 for the functions y = x 2 e − x and y = xe − x .
Assume that the domain in each case is x ≥ 0.

Question 3 (Mathematica output required)
Use Mathematica to check your answers to question 2.
Question 4 (Pen and paper, Mathematica output is not required.)
This question is from Mathematics for Chemists by D.M. Hirst. It should be done by
hand, although Mathematica may be used to check. As you can see, the equation is
based on one of the models in question 2.
“The probability P of finding an electron in the 1s orbital in the hydrogen atom at t a

 1
distance r from the nucleus is given by P = 4πr 2 
exp( −2r / a 0 ) , where a 0 is a

 πa 2

 0
constant. Show that the maximum probability occurs when r = a 0 . ”
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